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ABSTRACT
In  th is  d isse r ta tio n  o n  th e  s tru c tu re  a n d  p ro p erties  of doubly  
excited  s ta te s  of a to m s, w e a re  in te res ted  in  s ta te s  o f a tom s w here 
two e lec tro n s a re  h igh ly  a n d  com parab ly  excited. S u ch  s ta te s  have 
b een  n am ed  doub ly  excited  ridge s ta te s . A ngular a n d  rad ia l 
co rre la tio n s of two e lec trons in  su c h  s ta te s  a re  of in te re s t. F irs t a  
sem i-em pirica l s tu d y , b a se d  on available da ta , is  carried  o u t to  te s t  
th e  valid ity  of a  p a ir  q u a n tu m  n u m b er descrip tions in  w hich  a  single 
s ix -d im en sio n a l R ydberg  fo rm u la  is p roposed  to  organize sequences 
of doub ly  excited s ta te s  a s  a  function  of energy. Next, we m ake a  
de ta iled  an a ly sis  of a n g u la r  co rre lations to  see th e ir  origins. M odels 
in  w h ich  th e  p rincipal q u a n tu m  n u m b ers  n  a re  he ld  fixed a lready  
a c c o u n t for th e  d o m in an t fea tu res  an d  consequences of an g u la r 
co rre la tions , b u t  th e  coup ling  of s ta te s  from  different n  w hich  a re  
in c lu d ed  in  one p a rtic u la r  study , called th e  W annier theory, a re  also 
significant. In th e  final ch ap te r, an  analy tical s tu d y  of ridge s ta te s  is 
p re sen te d  by  u s in g  a  w ave function  th a t  tre a ts  th e  p a ir  of e lectrons as
a  sing le  en tity  in  solving th e  two e lectron  S chrod inger equation . Pair
  1*2
"hyperspherica l" co o rd in a te s  R  = V r i2 + r2 2, a  = a rc ta n  (—) and
0 1 2  = a rcco s ( ? 2  . r  i) a re  u se d . Borrow ing from  th e  W annier theo ry  
for th e  s im ila r s itu a tio n  of two com parab le  slow  e lectrons in  th e  
c o n tin u u m  a n d  th e  rad ia l (a) an d  a n g u la r  (8 1 2 ) co rre la tions betw een
them , th e  d o m in an t p a r t  of th e  wave function  for ridge s ta te s  m ay  be 
expected  to  lie in  th e  region  1 = - 1*2 , th a t  is, a  = ^  an d  6 1 2  = it. By
ex pand ing  th e  S ch rod inger equation  a ro u n d  th ese  po in ts  an d
ix
re ta in in g  th e  firs t n o n -triv ia l q u a d ra tic  d ep en d en ces in  a  an d  6 1 2 , we 
seek  a  so lu tio n  in  w h ich  th e  form  of th e  wave function  in  th ese  two 
v a riab le s  is  analy tica lly  de te rm ined  a s  in  th e  W annier theory. The 
dep en d en ce  on  R  is th e n  h an d led  num erica lly  a n d  w ith  a  s tru c tu re  
ap p ro p ria te  for b o u n d  s ta te s , n u m erica l eigenvalues for ridge s ta te s  
a re  ca lcu la ted  a n d  co m pared  w ith  o th e r available re su lts . T hese 
re s u lts  do b e a r  o u t a  p a ir  of R ydberg fo rm ula  for organizing sequences 
of ridge s ta te s , th e re b y  provid ing  a  theo re tica l ju s tif ic a tio n  for th e  
p a ir  d esc rip tio n .
x
CHAPTER I: Introduction
M ost of o u r  u n d e rs ta n d in g  of th e  s tru c tu re  a n d  th e  behav io r of 
a tom ic  sy s tem s, an d  m o s t of th e ir  n o m en c la tu re , com e from  th e  
in d e p e n d e n t-e le c tro n  m odel. T h is m odel is  b a se d  on  th e  concep t 
th a t  th e  de ta iled  in te rac tio n  of a n  e lectron  w ith  an y  single one of its  
p a r tn e r s  is  negligible com pared  w ith  i ts  in te rac tio n  w ith  th e  re s t  of 
th e  a tom . In  o th e r  w ords, th e  effects of e lec tron -e lec tron  
in te ra c tio n s  a re  w eaker th a n  th a t  of a  cen tra l, average Coulom b 
p o ten tia l for th e  m o tion  of an y  single e lectron . The in te rac tio n  
b e tw een  two e lec trons h a s , in  fact, a  m ajo r in fluence  w hen  b o th  
e lec tro n s  a re  excited  o u ts id e  th e  valence shell. T he effects of th ese  
in te ra c tio n s  a re  know n  in  th e  field a s  co rre la tion  effects.
In  th e  lan g u ag e  of th e  in d ep en d en t-p artic le  m odel th e  "genuine 
d iscrete" excited  s ta te s  in  H elium  a re  th e  single excited  s ta te s , 
w h ich  o c cu r w hen  one e lectron  occup ies th e  g ro u n d  s ta te  an d  th e  
o th e r  occup ies a n  excited  orb ita l. T heir con figu ra tion  in  th is  m odel 
is ( Is , nO, w here  n  s ta n d s  for th e  p rincipal q u a n tu m  n u m b e r of th e  
o u te r  e lectron , a n d  I for its  o rb ita l a n g u la r  m om en tum . T hese 
co n fig u ra tio n s co rrespond  to d iscre te  s ta te s  a s  long a s  th ey  lie below 
th e  ion iza tion  th resh o ld , w hich  is  th e  lim it of energy  of the  
co n fig u ra tio n  ( Is , nl) w h en  n  —> oo.
D oubly  excited s ta te s , in  w hich  b o th  e lec trons occupy excited 
o rb ita ls , lie above th is  ionization  th resh o ld  an d  below  the  double 
ion iza tion  th re sh o ld , w here  b o th  e lec trons escape  from  th e  He++ 
n u c le u s . T hey  are  d iscre te  s ta te s  em bedded  in  one o r m ore sing le­
e lec tron  c o n tin u a . M ost of th ese  s ta te s  a re  u n s ta b le  w ith  re sp ec t to a
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p ro cess  in  w h ich  one  of th e  e lectrons fills a  vacancy  in  a n  in n e r shell 
a n d  tra n s fe rs  th e  energy  difference to  th e  o th e r  electron , lead ing  to 
i ts  e jection . T h is p ro ce ss  is  know n a s  th e  A uger effect, or 
au to ion iza tion .
E x p erim en ta l ev idence of a  full se ries  of d o u b ly  excited s ta te s  
in  He em erged  in  1963  w h e n  a n  180 (MeV) e lec tron  sy n ch ro tro n  
w as u se d  a s  a  co n tin u u m  ligh t source  for ab so rp tio n  spectroscopy  in  
th e  180 - 4 7 0  A0 reg ion  [1]. S u b se q u e n t sy n ch ro tro n  experim en ts 
have  rep o rted  h ig h e r se ries , converging to h ig h e r ion ization  lim its of 
H e+ [2], a s  well a s  in  o th e r  a tom s. T here  is  a lso  som e evidence from  
e lec tron  im p a c t [3] a s  well a s  heav ier charged  p a rtic le  im pact. Som e 
doub ly  excited  s ta te s  c an  have long lifetim es for au to ion iza tion , in  
w hich  case  th ey  decay  em itting  a  pho ton . Som e of th e  
co rre sp o n d in g  sp e c tra l lines have b een  observed  experim entally .
T he u n d e rs ta n d in g  of th e  s tru c tu re  a n d  p ro p erties  of doubly  
excited  s ta te s  o f a to m s is one of th e  cen tra l p rob lem s in  a tom ic 
p h y sic s  today. An im p o rta n t m otivation for th e ir  s tu d y  is th a t  they  
a re  p ro to ty p es of co rre la ted  system s, a n d  th e  full u n d e rs ta n d in g  of 
th em  is  u se fu l in  th e  s tu d y  of com plex co rre la ted  sy stem s in  atom ic 
physics  a n d  o th e r a re a s  o f physics. D oubly excited s ta te s  of H ' [4] 
a n d  He have been  su b jec ted  to  extensive s tu d y  in  th e  la s t  tw enty  
y ears , m o st of it  in  th e  language  of th e  in d e p e n d e n t e lec tron  m odel. 
T h is  m odel reg a rd s  each  e lectron  a s  m oving in  th e  com bined  field of 
th e  n u c le u s  a n d  th e  field o f th e  o th er electron , w ith  th e  to ta l wave 
fu nc tion  of th e  s ta te s  a s  a  p ro d u c t of two one-e lec tron  wave 
fu n c tio n s . T he C oulom b in te rac tio n  betw een  th e  two e lec trons 
m ak es  th e  H am ilton ian  non -separab le , a n d  n o t solvable exactly.
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T h u s, ap p ro x im atio n  m eth o d s m u s t be u se d  in  its  s tu d y . W ith 
im proved  p e rtu rb a tiv e  a n d  varia tiona l m eth o d s, th e  g ro u n d  a n d  lower 
excited  s ta te s  o f H elium  have been  successfu lly  ca lcu la ted . A t h igh  
ex c ita tio n s , th e  n u m b e r  o f p ro d u c ts  of ind iv idua l-e lec tron  wave 
fu n c tio n s  needed  in c re ases , m aking  th is  d e sc rip tio n  unw ieldy  a n d  
u n sa tis fa c to ry  d u e  to  th e  large n u m b er o f configura tions th a t  need  to 
b e  su p e rp o sed .
T he aim  of th is  d isse rta tio n  is to describe  a  su b c la s s  of h igh  
d oub ly  excited  s ta te s  in  w hich  b o th  e lec trons have com parab le  
excita tion . T hese  s ta te s  a re  know n a s  doub ly  excited ridge s ta te s  [5]. 
In  ridge  s ta te s , th e  e lec tron -e lec tron  in te rac tio n  is com parab le  to  
th e  n u c le u s-e le c tro n  in te rac tio n , an d  n e ith e r  can  be trea ted  
p e rtu rb a tiv e ly . In th e  in d ep e n d en t e lec tron  p ic tu re  a  large n u m b e r  
of co n figu ra tions a re  n eed ed  for th e  p ro p er d esc rip tio n  of s u c h  
s ta te s . In  th e  u s u a l  q u a n tu m  n u m b ers  {L ,S ,n ,(n ,fm )i,(n ,I,m )2 } of 
th e se  con figu ra tions, th e  q u a n tu m  n u m b e rs  (L,S,II) o f to ta l o rb ita l 
a n d  sp in  a n g u la r  m om en tum , an d  parity  of th e  p a ir  a re  good q u a n tu m  
n u m b e rs , b u t  th e  in d ep en d en t-p a rtic le  lab e ls  (ni.Ii.nii) a re  n o t [6 , 7].
In  th e  s tro n g  m ix ing  of th e  con figu ra tions ( n i l i .^ f e ) .  th e  
e lec tro n -e lec tro n  in te rac tio n , th e  m ixing of (li.fe) re p re se n ts  a n  
a n g u la r  co rre la tion  a n d  th e  m ixing of (n i ,n 2 ) a  rad ia l co rre la tion  
b e tw een  th e  e lec trons. G iven th e  stro n g  m ixing, th e se  labe ls  a re  n o t 
m ean ingfu l. In s tead , a lte rn a tiv e  "pair” (tw o-electrons) q u a n tu m  
n u m b e rs  a n d  p a ir  b a se s  have been  p roposed  for a  b e tte r  d escrip tion  
o f th e  co rre la ted  tw o-electron  p a ir  [8 , 9]. T h is d isse r ta tio n  is 
concerned  th ro u g h o u t w ith  th e  s tu d y  of th is  p a ir  b a s is  an d  th e  
a sso c ia ted  co rre la tions. C h ap te r II is  a  sem i-em pirica l s tu d y  b ased
4
on  availab le  d a ta  (num erically  generated  in  configuration  in te rac tio n  
a n d  o th e r  ca lcu la tio n s  a n d  som e sp a rse  experim en tal data) to te s t  th e  
valid ity  of a  p a ir  descrip tion . C hap te r III is  a  specific s tu d y  of an g u la r 
co rre la tion , a n d  c h a p te r  IV is a  full theore tical an a ly sis  of th e  two- 
e lec tro n  S ch ro d in g er eq u a tio n , add ing  a lso  th e  rad ia l co rre la tion  
b e tw een  th e  e lec tro n s.
In  C h a p te r  II, we exam ine firs t th ese  p a ir  d esc rip tio n s sem i- 
em pirica lly  on  th e  b a s is  o f num erica l d a ta  to  de te rm ine  th e  
d ep en d en ce  of th e  energy  on  the  p a ir  q u a n tu m  n u m b ers , on  L a n d  on 
th e  core  charge  Z. C h a p te r  III is devoted to  th e  s tu d y  of th e  a n g u la r  
co rre la tion  of two e lec tro n s in  a  Coulom b field. The double  escape  of 
slow  e lec tro n s a n d  doub ly  excited ridge s ta te s  a re  analyzed u n d e r  
v a rio u s m odel a ssu m p tio n s . As a  first step , th e  essence  of an g u la r 
co rre la tion  em erges u p o n  d iagonalization  of th e  C oulom b in te rac tio n  
be tw een  two e lec trons in  a  hydrogenic m anifold. T his leads to tig h t 
co n fin em en t of th e  low est eigenvector to  th e  reg ion  6 1 2  = x, w here  
0 1 2  is  th e  angle betw een  th e  two e lectrons. B o th  exact 
d iagonalization  a n d  a lte rn a tiv e  m odels b ased  on  O4  g roup  sym m etry, 
[10] a re  show n  to lead to  a  G au ss ian  d is trib u tio n  in  th e  variable  rc-0 i 2 , 
w ith  a  full w id th  a t  h a lf  m axim um  given by  0 o n - 1 / 2  for large principal 
q u a n tu m  n u m b e rs  n . All th e  re su lts  sh a re  th e  sam e scaling  
d ep en d en ce  on n -, or, equivalently , on th e  energy E- b u t  they  differ 
in  th e  v a lu es of 0o. S im ilarities in  an g u la r a n d  rad ia l correlation  
b e tw een  double  escape  a n d  ridge s ta te s  a re  exploited in  th e  following 
c h ap te r. The S chrod inger equation  is analyzed w ith  a  wave function  
for th e  e lec tron  p a ir  r a th e r  th a n  w ith  a  p ro d u c t of single e lectron  
wave fu nc tions. The a n g u la r  and  rad ia l co rre la tions a re  hand led
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analy tically , red u c in g  th e  problem  to a  single variab le  in  a  com bined 
ra d ia l coo rd ina te  o f th e  p a ir. Rydberg sequences of 1Se and  1*3 P° 
s ta te s  a re  ca lcu la ted , a re  show n to be of th e  form  s tud ied  
sem iem pirica lly  in  C h a p te r  II, an d  a re  com pared  w ith  o th er available 
re s u lts .
CHAPTER II: Rydberg analysis o f  doubly excited  states
1. Introduction
D ue to  s tro n g  e lec tron  co rre la tions, doubly  excited  ridge s ta te s  
a re  b e tte r  d escribed  th ro u g h  p a ir  q u a n tu m  n u m b ers . In  th e  
fram ew ork  o f th e  so -called  W annier th eo ry  for ionization , involving 
th e  e scap e  of two e lec trons (to be d isc u sse d  in  d e ta il in  th e  nex t 
ch ap te rs ), a  new  B ohr-R ydberg  m odel h a s  b een  p roposed  for th e  
a sso c ia ted  se q u en c e  of doubly  excited s ta te s  in  w hich  th e  two 
e lec tro n s a re  q u a s i-b o u n d . In th is  schem e, th e  energy of th e se  
doub ly  excited  s ta te s  is  given by  a  "six-dim ensional" Rydberg form ula 
[6 ], an a lo g o u s to  th e  o rd in ary  "three-d im ensional" R ydberg form ula  
for a  seq u en ce  of singly-excited s ta te s . N um erically  ca lcu la ted  
re s u lts  o n  energy  levels o f doub ly  excited  s ta te s  of tw o-electron  
a to m s will be  analyzed in  th is  c h ap te r on  th e  b a s is  of su c h  a  single 
R ydberg ex p re ss io n  for th e  pair. Pair q u a n tu m  defects an d  o th e r 
p a ra m e te rs  a re  s tu d ie d  a s  functions of th e  core charge, Z, an d  of th e  
o th e r  p a ir  q u a n tu m  n u m b ers .
2. Angular and radial correlations
W hen only a n g u la r  corre lation  is im p o rtan t, a  b e tte r  w ay to 
describe  th e se  s ta te s  is  th ro u g h  th e  q u a n tu m  n u m b e rs  [5, 6 ] 
{L,S,n,N,n,K,T}. H ere N a n d  n  a re  still two ind iv idual p rin c ip a l 
q u a n tu m  n u m b e rs , w ith  N (<n) rep re sen tin g  th e  ion ization  lim it of 
th e  ion  to  w h ich  th e  se ries  (n=N,N+1,...) o f doub ly  excited s ta te s  
converges. T he two e lec trons a re  viewed, therefore , in  th e  rad ia l 
a sp e c t a s  hav ing  ind iv idual o rb its. In th e  an g u la r a sp ec ts , however, 
th e  ind iv idua l a n g u la r  m om en ta  l\ an d  h  a re  n o t conserved, th e
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physica l s ta te s  involve large su p e rp o stio n s  of I a n d  q u a n tu m
n u m b e rs  K a n d  T  c h a rac te ris tic  o f th e  system  of two e lec trons 
rep lace  th e  ind iv idua l labe ls  li an d  I2 . K a n d  T  w ere originally  
p roposed  o n  th e  b a s is  of th e  group O4  o f fou r d im ensional ro ta tio n s , 
defined  b y  th e  a n g u la r  m om en tum  an d  Runge-Lenz vecto rs of each  
e lectron : { " ? [ 1 0 ],
T he R unge-L enz vecto r tf  m ixes d eg en era te  hydrogen ic  
o rb ita ls  hav ing  d ifferen t L T hese g en era to rs  have b een  found  to be  
u se fu l for d escrib in g  approxim ately  th e  a n g u la r  configura tion  m ixing 
of th e  two e lec trons. T he q u a n tu m  n u m b e r  K is a  m ea su re  of the  
p ro jec tion  of th e  in n e r  e lec tron 's ra d iu s  vecto r on to  th e  rad ia l 
d irec tio n  of th e  o u te r  electron: - < r  < • r  >), a n d  is re la ted  to  8 1 2 , the  
angle  be tw een  th e  two rad ia l d irec tions r i  an d  r 2 . O n th e  o th er 
h a n d , T  m e a su re s  th e  pro jection  of th e  to ta l a n g u la r  m o m en tu m  onto 
th e  ra d ia l d irec tion  on  th e  o u te r e lectron: ( ( if  • r))2>. T hese q u a n tu m  
n u m b e rs  K a n d  T  also  have a  n a tu ra l connection  to th e  dipole 
p o ten tia l w h en  r> » r< , r> -»«> [7 ], i.e., w hen  one e lectron  is  fa r aw ay 
(n -> 00) a n d  sees, in  add ition  to th e  C oulom b po ten tia l o f th e  ion, a  
dipole p o ten tia l b e ca u se  of th e  I degeneracy  of th e  s ta te s  of th e  in n e r  
e lec tro n  (the lin e a r  S ta rk  effect).
T he sp e c tru m  of doub ly  excited s ta te s , w hen  g rouped  
acco rd ing  to  {L,S,n,K,T}, show s a  resem b lan ce  to  a  m ixed ro tor-like  
a n d  v ib ra to r-like  sp e c tru m . The energies have  accord ing ly  been  
describ ed  b y  [1 1 ]:
E n .v . l  = EAv(N) + co(v+l) + BL (L+l), ( I I - l )
w here  v is  re la ted  to  K a n d  T, v  = ^(N -l-K -T). By analogy w ith  a
lin e a r  tria to m ic  m olecule, different s ta te s  have b een  described  in  
te rm s  of ro ta tio n s  a n d  tw o-dim ensional bend ing  v ib ra tions o f th e  
sy stem , form ed by  th e  two e lec trons lying on  d iam etrica lly  opposite  
s id es  of th e  ion . v  in  Eq. (II-1} is  th e  q u a n tu m  n u m b e r of th e  two- 
d im en sio n a l h a rm o n ic  ben d ing  v ib ra tio n s from  th e  lin ear 
configura tion . Eav s ta n d s  for th e  average energy of th e  s ta te s , B an d  
CD m ay  be  in te rp re ted  a s  a  ro ta tiona l c o n s ta n t an d  a  bend ing  
v ib ra tio n a l frequency , respectively.
3. Radial correlations
In h igh  doub ly  excited s ta te s  of e lec trons w ith  com parab le  
ex c ita tio n s , w here  s tro n g  rad ia l co rre la tions m ix configura tions 
a ris in g  from  d ifferen t (n i ,n 2 ) m anifo lds, th e  ind iv idual p rinc ipal 
q u a n tu m  n u m b e rs  a lso  lose th e ir u se fu ln ess  and  need  to  be rep laced  
by  ap p ro p ria te  p a ir  labels [6 , 10]. F o r th is  pu rpose , th e  six­
d im ensiona l sp a ce  of th e  p a ir  m ay be  viewed in  te rm s of the  
co o rd in a te s  o f a  six -d im ensional h y p ersp h ere , w ith  ( r i ,r 2 , r i , £2 ) 
rep laced  b y  th re e  E u le r angles, th e  angle 6 1 2 , the  p seu d o  angle 
a  = a rc ta n  (r2 / r i ) ,  a n d  th e  h y p e rrad iu s  R  = (r i2  + T2 2)1/ 2 . A ssociated 
w ith  th e se  a re  th e  co rrespond ing  q u a n tu m  n u m b ers  (although, a s  
a lread y  s ta te d , th ey  have a lterna tive  in te rp re ta tio n s  a s  well), w h ich  
a re , in  ad d itio n  to  K an d  T, a  rad ia l co rre la tion  q u a n tu m  n u m b er, an d  
a  p rin c ip a l q u a n tu m  n u m b e r v for th e  pair.
In  th is  "hyperspherica l d e sc rip tio n ” th e  two e lectron  p o ten tia l 
in  a tom ic  u n its  (h=m =e=l)is given b y  (5, 6 ]
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H ere, a n d  th ro u g h o u t th is  d isse rta tio n , atom ic u n its  a re  going to  be 
u se d , u n le s s  i t  is  specified otherw ise. B ecause  h igh  doub ly  excited 
s ta te s  w ith  co m p arab le  excita tion  have sim ila r rad ia l sizes for th e  two 
e lec tro n s  (r i= r2 ), a n d  b ecau se  th e  e lec trons a re  m o st likely to  lie on  
opposite  s id e s  of th e  n u c le u s  d u e  to th e ir  m u tu a l repu ls ion , th e  
d o m in a n t c o n tr ib u tio n  com es from  a  = jc/4  a n d  0 i 2  = rc, w h ich  
h a p p e n s  to  be  a  sad d le  p o in t o f th e  p o ten tia l (II-2 ).
A fter s tu d y in g  th e  energy sp e c tru m  p ro d u ced  by  th e  p o ten tia l 
(II-2) ex p an d ed  a ro u n d  th is  sadd le  po in t, a  new  B ohr-R ydberg  m odel 
h a s  b een  p ro p o sed  for doubly  excited s ta te s , b e ca u se  th e  d o m in an t 
piece of th e  p o ten tia l is like a  C oulom b po ten tia l in  th e  six­
d im en sio n a l co o rd in a te  R [9, 12]. In  th is  new  m odel th e  energy  for 
th e  low est s ta te  of e ac h  m anifold v is  given by  a  "six-dim ensional" 
R ydberg  fo rm u la  [6 ]
[2V2(Z - \  - S)]2
E = I  ------------,  _ , (II-3)
2 (v + 2 - | i )2
w h ere  I++ is  th e  doub le  ionization  lim it. W ith in  each  m anifold  v a re  
s ta te s  w ith  d ifferen t L,S,II,K,T. As in  a  one-e lec tron  problem , w here 
th e re  is  a n  energy  sp litting  of a n  n  m anifold for d ifferent I s ta te s , 
w ith  a  q u a n tu m  defect p a ra m e te r  p. th a t  d ep en d s on  I  h e re  th e
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d ifferen t s ta te s  of th e  v m anifold w ith  d ifferen t q u a n tu m  n u m b e rs  
differ in  energy  b e c a u se  o f differing v a lu es  of th e  p a ra m e te r  a  a n d  th e  
(q u a n tu m  defect) p a ra m e te r  p of th e  pa ir. T hese  p a ra m e te rs  of th e  
p a ir  m ay  be expected  to  depend  on  th e  o th e r  q u a n tu m  n u m b e rs  
L,S,n,T,K of th e  p a ir  a n d  th e  a im  of th is  c h a p te r  is to  de te rm ine  th is  
d e p e n d e n c e .
Also, a  a n d  p a re  in tro d u ced  to  a c c o u n t for th e  d e p a rtu re  of th e  
p o ten tia l in  Eq. (II-2) from  its  va lue  exactly  a t  th e  sadd le . T hese
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d e p a r tu re s , p ro p o rtio n a l to  (j  - a ) 2  a n d  (tc - Q12 )2 , reflect th e
co rre la tio n s  in  th e  sy stem . T he exp licit Z dependence  of th e se  
co rre la tio n s , ex p ec ted  from  th e  co m p etitio n  betw een  e lectron - 
n u c le u s  a n d  e lec tron -e lec tron  in te rac tio n s , a n d  thereby  th e  Z 
d ep en d e n ce  of <r a n d  p, is also of in te re s t. T his study , therefore, of 
th e  v a rio u s  d ep en d en ces  of a  and  p a s  sh o w n  by  em pirically  derived 
d a ta  m ay  be expected  to  give fu rth e r  in fo rm ation  on  p a ir  s ta te s  
(s tu d ies  to d a te  have  b een  res tric ted  to  th e  very  low est va lues of L, v 
a n d  Z) a n d  serve a s  a  guideline for th e  fu r th e r  theo re tica l 
u n d e rs ta n d in g  of co rre la tio n s in  su c h  s ta te s . T his is  expected to 
th row  ligh t on  a sp e c ts  of th e  p a ir  s ta te s  n o t considered  so far, 
s tu d ie s  to  d a te  hav in g  been  re s tric ted  p rim arily  to th e  very  low est 
va lues of L a n d  v.
It is  w orthw hile  a t  th is  p o in t to com m en t fu rth e r  on th e  
p a ra m e te rs  a  an d  p b e c a u se  of th e  ap p ea ra n c e  in  th e  lite ra tu re  of 
seem ing ly  s im ila r a lgebraic  ex p ress io n s [13, 14] s u c h  a s  Eq. (II-3) 
b u t  w ith  very  d ifferen t in te rp re ta tio n s . T he co rre la tion  p a ra m e te r  o 
in  th e  s ix -d im en sio n a l fo rm ula  (II-3) is to  m ock  th e  effect o f th e  a
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a n d  0 i 2  d e p en d en ces  in  V (R ,a,0 i 2 ) a ro u n d  th e  sadd le  po in t. T he 
fo rm er d ep en d en ce  c a n  b e  expected  to  in tro d u ce  Z d ep en d en ces  in  
th e  va lue  of a . T herefore, a  is n o t to be  viewed a s  som e k in d  of a  
s ta tic  sc reen in g  c o n s ta n t b u t  ra th e r  a s  th e  effect of th e  sam e 
dynam ical sc reen in g  th a t  is  know n to p lay  a  crucia l role in  th e  
th re sh o ld  do u b le  escape  of two e lec trons [9, 15], lead ing  to a  Z 
dep en d en ce  of th e  th resh o ld  exponent. In  fact, a  d o m in a n t Z 
d e p en d en ce  of a  th a t  h a s  been  n o ted  in  earlie r s tu d ies  [1 2 ] a lso  
em erges from  o u r  re s u lts  below, suggesting  a  rep lacem en t of th is  
p a ra m e te r  b y  a n  a lterna tive  one w hich  is  m ore nearly  c o n s ta n t in  Z. 
We define, therefore , a  o  th ro u g h
from  th e  six -d im ensional n a tu re  of th e  p a ir  s ta te , a n  equ ivalen t 
q u a n tu m  defect p a ra m e te r  |i m ay be defined th ro u g h
W ith th e se  rep la ce m e n ts  Eq. (II-3) red u ces  to  th e  form  of th e  
R ydberg-like fo rm u las given in  Ref. 13 a n d  14, nam ely
(II-4a)
3
Likewise, b ecau se  th e  2  in  th e  d en o m in a to r of Eq. (II-3) a rises
(II-4b)
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F or large  Z, w h en  co rre la tions becom e relatively le ss  im p o rtan t, th is  
ex p re ss io n  re d u c e s  a s  it sh o u ld  to  two in d ep e n d en t one-e lec tron  
e n e rg ie s .
4. Analysis of num erical data
T he sy s tem atic  s tu d y  of doub ly  excited s ta te s  is  ham p ered  by 
th e  lack  o f ex p erim en ta l d a ta , p a rticu la rly  for h igh  excita tion . U nlike 
in  sin g le-ex c ita tio n  spectroscopy , a  long sequence  o f Rydberg s ta te s  
is u n av a ilab le  from  w hich  p a ram ete rs  a  an d  ji c an  be extracted . 
T herefo re  w e w ere  forced to rely  on  num erica lly  ca lcu la ted  
seq u en ces  of doub ly  excited s ta te s , b u t  even here  th e  available re su lts  
a re  very  sp a rse .
B ecau se  th e  sp littin g  in  energy in  each  m anifold d u e  to  s ta te s  
w ith  d ifferen t q u a n tu m  n u m b ers  of th e  p a ir  is exp ressed  th ro u g h  o  
a n d  |i, th e se  two p a ra m e te rs  a re  fitted  for fam ilies sh a rin g  th e  sam e 
p a ir  q u a n tu m  n u m b e rs  L.S.Il.K  and  T. T he re su lt of su c h  calcu lations 
in  w h ich  n u m erica l d a ta  ob tained  from th e  m ethod  of com plex 
ro ta tio n  for d oub ly  excited  s ta te s  [16, 17] is fitted to  Eq. (II-5) a re  
given in  T ab les  I-III for va lues of the  n u c le a r  charge Z = 1, 2, an d  7. 
T his ca lcu la tio n  w as done by ru n n in g  a  SAS program  on th e  IBM 
3 0 9 0  a t  LSU, tak in g  less th a n  a  second for th e  fitting  re la ted  to one 
of th e  ta b le s  (see A ppendix  A).
In e ac h  tab le  th e re  a re  two rows, th e  firs t co rresponds to th e  
orig inal n u m erica l d a ta  and  th e  second to th e  energy  values 
c a lcu la ted  from  Eq. (II-5) w ith values of o  an d  ji show n. Table IV 
show s in  its  th ird  row  the  energy values calcu lated  u s in g  th e  va lues of 
a  a n d  p given in  Ref. 13.
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5. D iscussion
T ab les I-III show  a lm o st no v a ria tio n  in  th e  value  of a  for 
d ifferen t co m b in a tio n s of (L,v). In  Fig. l a  p lo ts  of a  p a ra m e te r  in  
fu n c tio n  of L for d ifferen t com bination  (Z,v) a re  show n. V alues for 
th e  very  h ig h es t L show  an o m alo u s behav io r w hich  m ay  reflect th e  
in ac cu ra cy  of n u m erica l ca lcu la tions for s u c h  s ta te s . By its  very 
defin ition  in  Eq. (11-49), o  is  even m ore sensitive  to  s u c h  an o m alo u s 
v a ria tio n s  b u t  in  th e  m a in  we conclude th a t  a  is  in d e p e n d e n t of th e  
a n g u la r  m o m en tu m  L a n d  th e  v ibrational q u a n tu m  n u m b e r v  a n d  it  is 
on ly  a  fu n c tio n  of th e  n u c le a r  charge  Z. A n ad eq u a te  fit is  given by
(2Z) 1 / 2
Cf = 0 .168  - —2 5 —  * (II -6 )
a  re s u lt  w h ich  closely app rox im ates one given earlie r [12]. W ang’s 
ex p ress io n  [13] for th e  screen ing  fac to r a lso  co n ta in s  a  s im ila r 
d e p en d en ce  o n  Z.
In Fig. l b  p lo ts  of th e  q u a n tu m  defect p a ra m e te r  |i for d ifferent
com b in a tio n s (v,L) a re  show n. In  all c ase s  |i ap p ro ach es zero in  th e
lim it o f h ig h  n u c le a r  charge  a s  an tic ip a ted  above. T he observed 
beh av io r of [i in  Fig. l b  su g g ests  th e  re la tion  |i(L,v,Z) = .
F inally , hav ing  e stab lish ed  th e  valid ity  of Eq. (II-3) for 
d esc rib in g  em pirica l d a ta , we com m en t on  how  th e  ro to r m odel an d  
its  L d ep en d en ce  in  Eq. (II-1) could be  su b su m e d  in to  th e  R ydberg 
e x p re ss io n s  (II-3) o r (II-5). T his rem oves th e  need  to  d raw  on a n y  
e x tra n eo u s  analogy  to a  tria tom ic  m olecu lar m odel, recas tin g  in s tead  
energ ies in  te rm s  of a  C oulom b Rydberg expression . It is  th ro u g h  the
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d e p en d en ce  of th e  q u a n tu m  defect p a ra m e te r  p on  L a n d  th e  
e x p an sio n  of th e  energy  for various L s ta te s  of a  v m anifo ld  acco rd ing  
to
+ Bv L(L+4) (II-7)(v-p(L))2 " (v-p(o ) ) 2
th a t  w e c a n  recover Eq. (I) from  Eq. (II-3). T h is im plies th a t  Bv falls 
B
off a s  w ith  th e  c o n s ta n t B given by
p(L) = p(o) - B L (L+4) . ( II-8 )
T h is  k in d  of d ep en d en ce  is  indeed  observed  from  o u r  r e s u lts  for 
v  = o.
It is  hoped  th a t  th e  sem iem pirica l an a ly sis  p resen te d  h e re , on  
th e  b a s is  of ab  in itio  n u m erica l calcu la tions of sequences of doubly  
excited  s ta te s , b rin g s  o u t th e  dependence  of key p a ra m e te rs  o f th e  
s ix -d im ensiona l R ydberg fo rm ula  (II-3), in  su c h  a  w ay a s  to gu ide th e  
d e riv a tio n  of th is  ex p ress io n  d irec tly  from  th e  tw o-electron  
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F ig u re  l a .  P a ra m e te r  5  a s  a  function  of th e  to ta l a n g u la r  m o m en tu m  
L, v  a n d  Z. F o r each  Z, th e  c lu s te r  o f th re e  cu rv es  for 










F ig u re  l b .  Q u a n tu m  defect pa ram eter \i a s  a  function  o f n u c le a r  
ch arg e  Z, v, an d  L. For v = 1,2 th e  c lu s te r  o f th re e  
cu rv es , read in g  from  top to bo ttom , a re  for L=0, 1, a n d  2. 
F o r v=2 sim ilarly  th e  two curves have L=1 a n d  2.
TABLE I. Energy values E(v) for Z = 1 doubly excited states corresponding to v = 0,1. |i, a, and o are
calculated by fitting num erical energy values to Eq. (II-5). For each {S.L.Il} the  top rows are 
the  num erical resu lts of Refs. 16 and 17 and the bottom  row the resu lts  of the  fit to Eq. (II- 
5) w ith the values of p and o shown._______________________________________________________
s L n E(3) E(4) E(5) E (6 ) a a
0 0 + 1.88019 1.07860
v = 0
0 .7 0 1 3 8 0 .4 8 9 9 4
0 0 + 1.87970 1 .08032 0 .7 0 0 4 6 0 .4 9 0 6 9 -0 .1341 0 .3381 0 .1 7 6 3
1 1 - 1.84767 1.06942 0 .6 9 8 6 6 0 .4 8 8 7 2
1 1 - 1.84761 1.07004 0 .6 9 7 0 6 0 .4 8 9 8 6 -0 .1 8 4 4 0 .3351 0 .1 7 0 2
0 2 + 1.79461 1.05411 0 .6 9 0 4 9 0 .4 8 7 0 9
0 2 + 1.79501 1 .05260 0 .6 9 0 9 8 0 .4 8 8 1 3 -0 .2 6 9 3 0 .3302 0 .1 6 0 3
1 3 - 1.67379 1.02860 0 .6 8 1 3 8 0 .4 8 0 9 7
1 3 - 1 .67698 1.01801 0 .6 8 3 0 0 0 .4 8 9 7 6 -0 .5 2 7 6 0 .3121 0 .1 2 4 3
0 4 + 0 .98982 0 .6 6 4 6 4 0 .4 7 5 5 2
0 4 + 0 .9 8 9 9 9 0 .6 6 4 0 0 0 .4 7 6 0 5 -0 .5 2 4 0 0 .3 1 8 5 0 .1371
1 5 - 0 .99261 0 .6 5 0 3 6 0 .4 6 6 6 8
1 5 - 0 .92478 0 .6 4 2 8 5 0 .4 7 2 6 3 -1 .0 1 4 9 0 .2 8 7 7 0 .0 7 5 5
v= 1
0 0 + 0.94465 0 .6 3 9 4 7 0 .4 5 3 7 5
0 0 + 0 .9 4 5 5 8 0 .6 3 5 9 9 0 .4 5 6 8 5 -0 .5 5 9 3 0 .3251  0 .1501
1 1 - 0 .9 3 3 3 6 0 .6 3 3 3 5 0 .4 5 1 9 8
1 1 - 0 .93411 0 .6 3 0 6 4 0 .4 5 4 2 0 -0 .6 0 7 4 0 .3 2 3 2  0 .1 4 6 4
0 2 + 0 .90138 0 .6 2 0 4 2 0 .44831
0 2 + 0 .90199 0 .6 1 8 2 7 0 .4 5 0 0 5 -0 .811 0 .6 8 8 9  0 .1241
1 3 - 0 .88438 0 .6 0 7 5 0 0 .44151
1 3 - 0 .88456 0 .6 0 6 8 6 0 .4 4 2 0 2 -0 .8 2 3 7 0 .3 1 5 2  0 .1 3 0 3
0 4 + 0 .58097 0 .4 3 4 7 0
0 4 + 0 .5 8 0 9 7 0 .43471 -1 .4 0 8 0 0 .2 8 1 8  0 .0 6 3 7
TABLE II. Same as Table I for Z = 2.
S L n  E(3) E(4) E(5) E(6) U o o
< ii o
0 0 + 9 .6 3 3 9 9 5 .46817 3 .5 2 3 9 0 2 .4 5 8 5 7
0 0 + 9 .6 2 2 0 4 5 .47183 3 .5 2 2 6 6 2 .4 5 5 9 4 -0 .0 5 9 7 0 .8 3 9 8 0 .1 7 9 5
1 1 - 9 .5 3 4 2 6 5 .4 4 4 3 6 3 .5 1 2 3 4 2 .4 5 1 4 9
1 1 - 9 .53501 5 .4 4 1 4 6 3 .51302 2 .4 5 3 8 7 -0 .0 8 8 9 0 .8 3 5 8 0 .1 7 1 5
0 2 + 9 .3 3 7 3 9 5 .3 9 4 7 0 3 .49533 2 .4 4 4 9 6
0 2 + 9 .3 4 0 2 0 5 .38447 3 .49772 2 .4 5 3 3 4 -0 .1 5 4 0 0 .8 2 6 1 0 .1 5 2 2
1 3 - 9 .0 2 4 4 6 5 .29891 3 .4 6 2 4 0 2 .4 3 1 3 6
1 3 - 9 .0 2 8 8 2 5 .2 8 3 8 5 3 .46429 2 .4 4 5 1 9 -0 .2553 ' 0 .8 1 2 4 0 .1 2 4 9
0 4 + 8 .3 5 5 3 2 5 .17823 3 .4 2 1 8 6 2 .4 1 5 0 3
0 4 + 8 .3 7 6 4 6 5 .10758 3 .4 3 6 4 8 2 .4 6 9 0 9 -0 .5 6 3 4 0 .7 6 1 5 0 .0 2 2 9
1 5 - 4 .9 9 9 8 6 3.34471 2 .3 8 5 1 0
1 5 - 5 .00094 3.34071 2 .3 8 8 4 0 -0 .4741 0 .7 9 1 0 0 .0 8 2 0
0 6 + 4 .6 3 6 8 6 3 .28458 2 .3 3 5 1 6
0 6 + 4 .6 4 9 2 6 3 .24195
ir— 1
2 .3 8 8 8 5 -1 .0 6 2 3 0 .7 0 3 7 -0 .0 9 2 5
0 0 + 8 .6 3 8 3 2 5 .1 1 1 7 0
V= 1
3 .35587 2 .3 6 6 0 5
0 0 + 8 .6 4 2 4 5 5 .09741 3 .35832 2 .3 7 8 2 5 -0 .3 1 0 2 0 .8 1 7 3 0 .1 3 4 5
1 1 - 8 .4 1 8 7 9 5 .05455 3 .34022 2 .3 5 9 3 5
1 1 - 8 .4 2 5 3 8 5 .03267 3 .34207 2 .3 7 9 6 4 -0 .4 0 2 7 0 .8 0 3 3 0 .1 0 6 6
0 2 + 7 .8 9 1 3 6 4 .9 7 4 2 8 3 .31233 2 .3 4 7 8 2
0 2 + 7 .9 1 4 8 9 4 .8 9 7 8 0 3 .3 2 6 7 8 2 .4 0 6 1 8 -0 .6 8 7 0 0 .7 5 5 8 0 .0 1 1 5
1 - 4 .7 8 4 6 2 3 .25043 2 .3 3 0 6 7
1 3 - 4 .7 8 7 2 9 3 .24082 2 .33851 -0 .6 4 2 6 0 .7 7 6 3 0 .0 5 2 7
0 4 + 4 .49332 3 .18784 2 .3 0 2 1 0
0 4 + 4 .50359 3 .15276
■ \ T —  O
2 .32971 -1 .1 2 3 4 0 .7 0 7 8 -0 .0 8 4 3
0 0 + 7.00291 4 .5 7 9 0 3
v=z
3 .13342 2 .2 4 6 3 2
0 0 + 7 .0 2 6 7 2 4 .50871 3 .13644 2 .3 0 7 1 6 -1 .0259 0 .7271 -0 .0 4 5 8
1 1 - 4 .49345 3 .11165 2 .23951
1 1 - 4 .4 9 9 0 0 3 .09217 2 .2 5 5 1 5 -0 .8492 0 .7641 0 .0 2 8 3
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TABLE III. Sam e as Table I for Z = 7.
s L n E (3 ) E (4) E (5 ) a a
on> .
0 0 + 1 3 8 .9 9 5 0 7 8 .4 3 7 0 5 0 .2 8 7 0
0 0 + 1 3 8 .9 9 6 3 7 8 .4 3 2 3 5 0 .2 9 1 8 -0 .0 1 9 0 3 .3 3 8 4 0 .1 7 6 8
1 1 - 1 3 8 .6 6 8 0 7 8 .3 2 9 0 5 0 .2 4 3 0
1 1 - 1 3 8 .6 6 9 0 7 8 .3 2 1 7 5 0 .2 4 9 5 -0 .0 2 4 8 3 .3 3 5 9 0 .1 7 1 8
0 2 + 1 3 7 .7 1 8 0 7 8 .0 8 1 0 5 0 .1 5 1 0
0 2 + 1 3 7 .7 2 4 0 7 8 .0 5 2 1 5 0 .1 7 9 0 -0 .0 4 5 5 3 .3 2 4 2 0 .1 4 8 4
1 3 - 1 3 2 .3 5 0 0 7 7 .6 9 6 0 5 0 .0 0 8 0
1 3 - 1 3 2 .4 6 1 6 7 7 .1 9 5 3 5 0 .4 8 1 3 -0 .2 2 6 5 3 .1 9 0 7 -0 .1 1 8 7
0 4 + 1 3 2 .3 5 0 0 7 7 .0 0 5 0 4 9 .7 8 0 0
0 4 + 1 3 2 .4 0 6 9 7 6 .7 4 8 7
i r — 1
5 0 .0 2 2 9 -0 .1 9 0 1 3 .2 3 1 5 -0 .0 3 6 9
0 0 + 1 3 4 .0 9 9 0 7 6 .6 4 8 0
V — 1
4 9 .4 6 4 0
0 0 + 1 3 4 .1 0 5 2 7 6 .6 1 4 9 4 9 .4 9 5 5 -0 .0 9 5 8 3 .3 1 3 7 0 .1 2 7 5
1 1 - 1 3 3 .7 0 2 0 7 6 .5 3 4 0 4 9 .4 0 9 0
1 1 - 1 3 3 .7 1 2 2 7 6 .4 8 9 0 4 9 .4 5 2 9 -0 .1 0 4 0 3 .3 0 9 7 0 .1 1 9 4
0 2 + 1 3 0 .0 4 8 0 7 6 .0 0 9 0 4 9 .2 6 0 0
0 2 + 1 3 0 .1 0 5 8 7 5 .7 4 8 8 4 9 .5 0 5 7 -0 .2 1 9 9 3 .2 2 9 7 -0 .0 4 0 6
1 3 - 7 5 .2 8 5 0 4 9 .0 1 2 2
1 3 - 7 5 .2 8 5 0 4 9 .0 1 2 2 -0 .1 7 7 6 3 .2 7 5 7 0 .0 5 1 3
0 4 + 7 3 .2 0 8 7 4 8 .6 3 9 4
0 4 + 7 3 .2 0 8 8 4 8 .6 3 9 4 -0 .4 8 4 3 .1 3 4 6 -0 .2 3 0 8
v = 2
0 0 + 1 2 5 .0 2 4 0 7 3 .8 7 9 0 4 8 .3 1 4 0
0 0 + 1 2 5 .0 6 9 2 7 3 .6 7 7 0 4 8 .5 0 3 6 -0 .3 0 1 5 3 .2 1 1 0 -0 .0 7 7 9
1 1 - 7 3 .7 7 6 8 4 8 .2 3 6 8
1 1 - 7 3 .7 7 6 8 4 8 .2 3 6 8 -0 .2 2 4 4 3 .2 7 2 1 0 .0 4 4 1
0 2 + 7 3 .1 0 6 7 4 7 .9 1 9 6
0 2 + 7 3 .1 0 6 5 4 7 .9 1 9 5 -0 .2 4 2 4 3 .2 6 4 9 0 .0 2 9 8
TABLE IV. C om parison  of energ ies for v=0, S=0, L=0 a n d  even p a rity  a s  given by  n u m erica l ca lcu la tion  
(top row), Eq. (II-5) w ith  p a ra m e te rs  a s  in  T ab les I-III (m iddle row) a n d  w ith  th e  
p a ra m e te rs  a s  given in  Ref. 13 (bottom  row).
E (3) E (4) E (5 ) E (6 ) E (7 ) a a
1 .8 8 0 1 1 .0 7 8 6 0 .7 0 1 4 0 .4 8 9 9 0 .3 6 4 6
1 .8 7 9 7 1 .0 8 0 3 0 .7 0 0 5 0 .4 9 0 7 0 .3 6 2 8 -0 .1 3 4 1 0 .3 3 8 1 0 .1 7 6 2
1 .7381 0 .9 8 8 5 0 .6 3 6 9 0 .4 4 4 3 0 .3 2 7 4 -0 .0 6 7 6 0 .3 6 2 4 0 .2 2 4 8
9 .6 3 4 0 5 .4 6 8 2 3 .5 2 3 9 2 .4 5 8 6
9 .6 3 3 0 5 .4 7 1 8 3 .5 2 2 7 2 .4 5 5 9 -0 .0 5 9 7 0 .8 3 9 8 0 .1 7 9 6
9 .2 6 4 5 5 .2 4 7 0 3 .3 7 1 9 2 .3 4 8 1 -0 .0 4 1 5 0 .8 6 2 6 0 .2 2 5 2
CHAPTER IDE: Angular correlation betw een two slow
electrons in a Coulomb field
1. Introduction
T he u n d e rs ta n d in g  of th e  s tru c tu re  a n d  behav io r o f s ta te s  in  
w h ich  two slow  e lec trons move in  th e  field of a  positive charge  is  a  
c e n tra l p rob lem  in  a tom ic dynam ics [7, 18]. In th is  q u a n tu m  m otion 
of th re e  c h a rg ed  p a rtic le s  w here in  th e  two e lec trons m ove slowly, 
r ic h  a n d  com plex  co rre la tio n s  develop b e tw een  them . C onsiderab le  
ex p erim en ta l a n d  th eo re tica l effort h a s  b een  increasing ly  devoted to 
th e ir  s tu d y  a n d  to  th e  u n d e rs ta n d in g  of th is  fu n d am en ta l p rob lem  of 
e lec tron ic  m o tion , w h en  th e  m ean  field d esc rip tio n  of th e  
in d e p e n d e n t-e le c tro n  m odel is in ad e q u a te .
O n th e  one  side, th e re  is  th e  c o n tin u u m  problem  in  w hich  bo th  
e lec tro n s  finally  e scap e  from  th e  ionic core, w hich  is, th e  p rob lem  of 
doub le  escape  j u s t  above th resh o ld  [19, 20, 21 , 22]. O n th e  o th er 
side  of th is  th re sh o ld , we a re  in te re s ted  in  th e  s tru c tu re  a n d  o th er 
p ro p ertie s  o f h ig h  doub ly  excited s ta te s , in  w hich  two e lec trons in  an  
a tom ic  sy s tem  a re  excited  aw ay from  th e  re s t, th e reb y  m ak in g  th e ir 
m u tu a l  in te rac tio n  a n d  corre lation  a s  im p o rtan t a s  th e ir  ind iv idual 
in te ra c tio n s  w ith  th e  rem ain in g  ionic core [7]. T he specia l su b s e t  of 
th e se  s ta te s  th a t  h a s  b een  of m ajo r in te res t, a n d  th a t  is  th e  object of 
th is  d isse rta tio n , h a s  b o th  e lectrons n o t only highly  excited b u t  
co m p arab ly  so. T h a t is, th e  e lectrons in  su c h  s ta te s  have roughly  
eq u al rad ia l d is ta n c e s  from  th e  ion. S u ch  s ta te s  have b een  called
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ridge s ta te s  [14, 22, 23] a n d  th e ir  in tim ate  co n n ec tio n  to  th e  
co n tin u u m  s ta te s  th a t  govern  th resh o ld  double  e scap e  h a s  b een  
recognized w ith in  a  fram ew ork  th a t  is  called  W an n ie r th eo ry  [18, 21].
C orre la tions be tw een  th e  two e lec trons a re  of tw o types: rad ia l 
a n d  a n g u la r  [7, 23]. In  th e  p rev ious ch ap te r, we analyzed  sem i- 
em pirically  th e  c o n seq u en ces  of th e se  co rre la tio n s  for th e  
d e sc rip tio n  of th e  energ ies of doub ly  excited  ridge s ta te s  in  te rm s  of 
a  sing le  Rydberg form ula. In  th is  c h a p te r  we m ak e  a  th eo re tica l 
s tu d y  of th e  n a tu re  of a n g u la r  co rre la tion  in  ridge s ta te s  a n d  in  th e  
doub le  escape  of e lec trons j u s t  above th resh o ld . In  th is  c h ap te r , we 
will n o t  co n sid er rad ia l co rre la tio n s in  any  d e ta il excep t for th e  
re s tric tio n  th ro u g h o u t to  approx im ate ly  equal rad ia l e x te n t for th e  
two e lectrons. C h ap te r IV will co n cen tra te  on a  th eo re tica l s tu d y  of 
rad ia l co rre la tions.
T here have been  m an y  s tu d ie s  o f a n g u la r  co rre la tio n  be tw een  
two slow  e lec trons an d  m u c h  u n d e rs ta n d in g  h a s  b een  ga ined  [6 , 7,
12, 24 , 25, 26]. However, even th o u g h  d ifferen t a p p ro a c h e s  ag ree  on 
th e  m ain  a sp ec ts , su c h  a s  th e  ex istence  of a  tig h t co rre la tio n  betw een  
th e  m u tu a l ang les of th e  two ra d iu s  vectors a n d  on  its  sca ling  
d ep en d en ce  on  th e  energy  E, d ifferences in  d e ta il rem a in . F o r 
in s tan c e , n u m erica l coefficients of th is  sca ling  differ a n d  we lack  a n  
overall view of w h a t physics  lies b eh in d  th e se  d ifferences. Above all, 
a  specific tie -u p  betw een a n g u la r  co rre la tions above a n d  below  
th re sh o ld  (i.e. betw een th e  doub le  e scap e  a n d  th e  ridge s ta te s)  h a s  
only b e en  p artia lly  developed [12, 21 , 25, 26].
T he s tu d y  in  th is  c h a p te r  is  a im ed a t  th e se  q u e s tio n s  a n d  a t  
p ro rid in g  a n  overall p ic tu re  of a n g u la r  co rre la tions . We w an t, in
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p a rticu la r, to  go beyond  th e  in itial im press ion  th a t  p reva ils in  th e  
field of a  genera l equ ivalence  am ong th e  d ifferen t a p p ro a ch e s  to  
a n g u la r  co rre la tions. We will show , by  going to th e  n e x t level of 
detail, th a t  ce rta in  m e th o d s  give a  m ore com plete  a cc o u n tin g  of th e  
co rre la tions. We will a lso  show  how  experim en tal s tu d ie s  c a n  
d isc rim in a te  be tw een  th e  a lte rna tive  m e th o d s by  vary ing  th e  ionic 
ch arg e .
T he a rra n g em e n t o f th is  c h ap te r  is  a s  follows. In  S ection  2  we 
give a  b rie f su rvey  of th e  W ann ier theo ry  for double escape  [15, 19,
20, 21, 22, 24, 27, 28] focusing  on  the  a n g u la r  a sp e c t of th is  escape. 
In Section  3 we su rvey  sim ilarly  a  successfu l m odel [12] b a se d  on  O4  
group  sym m etry  for th e  a n g u la r  co rre lation  in  ridge s ta te s . S ec tion  4 
c o n ta in s  o u r new  re su lts , w here  we p re se n t exac t d iagonaliza tion  of 
th e  e lec tro n -e lec tro n  in te rac tio n , w ith  b o th  e lec tro n s confined  to  
th e  sam e p rincipal q u a n tu m  n u m b e r n. A t th e  sam e  tim e, we b ring  
to g e th er re s u lts  from  th e  p rev ious two sec tio n s, p re sen tin g  all of 
th em  in  th e  form  of th e  d is tr ib u tio n  of th e  wave fu n c tio n  in  te rm s of 
th e  m u tu a l angle b e tw een  th e  ra d iu s  vecto rs of th e  tw o e lec trons. In  
Section  5 we analyze th e se  re su lts , draw ing  co n clu sio n s on  w h a t th ey  
have to  say  regard ing  th e  n a tu re  of a n g u la r  co rre la tio n s a n d  how  
d ifferen t m e th o d s  differ in  th e ir  tre a tm e n t of th e se  co rre la tio n s .
2. Threshold double escape
We p re se n t a  very  b rie f su m m ary  of th e  W ann ier theo ry  for th e  
th re sh o ld  e scap e  of two e lec trons from  a  positive charge . T he 
su b jec t h a s  a  considerab le  lite ra tu re  and  severa l review s [19, 20, 21, 
22]. T he c ruc ia l e lem en t of th is  theory  is th a t  a  reg ion  of
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configuration  space , defined by r*i = - r*2 . d o m in a tes  b e c a u se  o th e r  
configura tions lead  only to  one of th e  e lectrons escap ing , a s  a  re su lt  
of a n  in s tab ility  in  th e ir  m u tu a l screen ing  d u rin g  th e  e scap e  [21, 27].
If, a t  som e R  = V r i2 +r2 2. n  an d  r 2  a re  u n eq u a l, th e n  th e  e lectron  
closer to  th e  ion sc reen s  m ore of th e  ionic field. As a  re s u l t  th e  
"outer" e lectron  p icks u p  m ore of th e  available energy  a t  th e  expense  
of th e  "inner" electron  a n d  th e  difference in  r i  a n d  r 2  is  e n h a n c e d  for 
th e  n ex t value of R. U nless th e  two e lectrons m a in ta in  equal 
d is tan ces  from  th e  ion a t  large R, th is  "dynam ical" sc reen in g  will 
inevitab ly  re su lt  in  only single escape  w ith  th e  in n e r  e lec tron  he ld  
b ack  in  a  b o u n d  sta te .
The S chrod inger eq u a tio n  in  h y p e rsp h erica l co o rd in a te s ,
R = > /ri2 +r2 2, a  = a rc ta n  an d  0 i 2  = arccos ( £ 2  • r  1), o f th e  p a ir  of
e lec trons ta k e s  th e  form  [18]
a2 f d 2
3R2  ’ R2  i 3 a 2  + 4  + s in 2  2 a  s in  8 1 2 s in  0 i 2 9012,
2  C(a^0 i 2 ) _
<J)(R,a,0i2) = 0 ( I I I - la )
w ith  <|>(R,a,0 i 2 ) = R 5 / 2  s in  2 a  \y(R ,a,0i2) ( I I I - lb )
Z Z 1
C (a ,0 i 2 ) -  - c o sa  '  Sin a  + (1 -s in  2 a  cos 0 i2 ) 1 ^ 2  ’ ^
The te rm  C (a,0 i 2 ) is th e  com bined  Coulom b p o ten tia l o f th e  th re e  
charges an d  <J)(R,a,0 i 2 ) a  scaled  version of th e  w ave fu n c tio n  
\|/(R ,a,0 i 2 ), designed  to  rem ove first-derivative te rm s  in  R  a n d  in  a  in
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Eq. (Ill-la). We a re  u s in g  a tom ic u n its  an d  in  th is  c h a p te r  w e will 
re s tric t ourselves to  *S s ta te s . Sym m etry  a sp e c ts  of o th e r  v a lu e s  of 
to ta l o rb ita l (L) an d  sp in  (S) an g u la r m om en tum  in  th e  W an n ie r 
theo ry  have  b een  fully tre a te d  elsew here [291, a n d  will be  
inco rpo ra ted  in to  o u r s tu d y  in  C hap te r IV. B u t, for s tu d y in g  th e  
e ssen tia l fea tu res  of a n g u la r  co rre la tions betw een  e lec trons, i t  is  
sufficien t an d  advan tageous to  re s tric t ourse lves to  th e  s im p le s t 
values, L=S=0.
T he c ruc ia l e lem en t m entioned  above su g g e s ts  a  form  to  th e  




w ith  A, B, C co n stan ts , an d  JS = ^  - a , y = n  - 8 1 2 -
T he form  of th e  w ave function  given by  Eq. (III-2) follows from  
th e  re s tric tio n  to th e  region  i = - r*2 (which c o rre sp o n d s  to  a  = |
an d  0 i 2 =rc)- W hen all te rm s  in  Eq. (Ill-1) a re  ex p an d ed  in  pow ers of 
y an d  J5 in  th is  region, we have
;)2 i  f 9 2  I 
3R Z  " W  { 3 5 2  +  4  +  4 ( 1  +4J32) i i . f ldy2 ly 3 ' d y
^ { Z 0  + Z a f i2 - Z0y2} + 2E 4>(R,J5,y) = 0 , (III-3a)
<()(R,J5,y) = R 5/2 (1-2J$2) y(R,J3,y) , (III-3b )
COS.y) = Z0 + ZoJ32 - Zey2 , (III-3 c )
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w ith  Z 0  = 2 ^ 2  (Z -
z a = 3V2 (Z -
7  £Ze -  16 •
T he p a ra m e te r  Zo is  a n  effective charge  for th e  m o tio n  in  R, w h e rea s  
Za an d  Z q have d u a l roles a s  effective ch arg es (because  of th e  1 /R  
th ey  m ultiply) a n d  a s  h a rm on ic  osc illa to r sp rin g  c o n s ta n ts  (because  of 
th e  J32  a n d  y2  th ey  m ultiply).
By in sp ec tin g  th e  p o ten tia l in  Eq. (III-3a) we see  th a t  it
y2
c o n sis ts  of a  h a rm on ic  osc illa to r te rm  (p~), a n  an ti-h a rm o n ic  
j32
osc illa to r te rm  R J and  a  C oulom b form  in  R. B ased  on  th e  g ro u n d
sta te  w ave function  of th e  firs t two p o ten tia ls  a n d  th e  zero  energy
wave fu nc tion  [15, 30] of th e  C oulom b po ten tia l, th e  so lu tio n  of Eq.
(III-3a) sh o u ld  be  of th e  form  e +By2+C\  T h is form  is  th e  key
s tru c tu re  in  W ann ier theo ry  describ ing  th e  escap in g  pa ir. T he
c o n s ta n ts  A, B, an d  C a re  fixed th ro u g h  th e  req u ire m e n t th a t  all 
te rm s involving | r  a re  acco u n ted  for w h en  Eq. (III-2) is  su b s ti tu te d
in to  Eq. (III-3a), leaving b eh in d  only te rm s  of h ig h e r o rd e r  of 
sm a lln ess  in  R*1/ 2 . In p a rticu la r, th e  coefficient B (assoc ia ted  w ith  y 
- o r 8 1 2 ) o f in te re s t to  u s  in  th is  ch ap te r, is  given b y  th e  q u a d ra tic  
eq u a tio n  [15]
1 6 B 2 + ^ - ^  = 0 ,  (III-4 )
w ith  C2  = 4 V2(4Z-1). T his gives
2 7
w here  p is  one of th e  so-called  W an n ier coefficients [15], defined  by
T he sq u a re d  m o d u lu s  of th e  wave function , a , in  Eq. (III-2) h a s  a  
G a u ss ia n  dependence  on  y  [31]
w here  for th e  value of R  is  chosen  th e  so-called  W an n ier ra d iu s , Rw,
beyond  w h ich  th e  po ten tia l te rm s  in  Eq. (III-3a) d o m in a te  over th e
energy E. At th is  point, th e re  is  a n  am bigu ity  to  w ith in  a  n u m erica l
fac to r of th e  o rder of u n ity  in  defin ing Rw. E q u a tin g  th e  p o ten tia l
C2
energy  to  E  in  m agn itude  leads to  th e  choice Rw = g^r a n d , therefo re ,
( I l l - 7)
In its  dependence  on  6 1 2 , th e  sq u a red  wave fu n c tio n  is  
co n cen tra ted  in  th e  form  of a  G a u ss ia n  d is tr ib u tio n  a ro u n d  th e  value  
012=71. T he full w id th  a t  h a lf  m ax im um  is  given b y  [31]
(III-5b )
0 (0 1 2 ) «  e (-2 (ReB,V ^ 2) (III-6 )
0 i / 2 (E) = 0 O E l / 4 , (I I I - 8 )
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show ing  a  c h a rac te ris tic  sca ling  w ith  th e  ^  pow er of th e  energy
excess above th resh o ld . S tric t con finem en t to  th e  p o in t 0 i 2  = x 
w h ere in  th e  e lec trons lie o n  opposite  sides of th e  core  o b ta in s  only  
exactly  a t  th re sh o ld . W ith  Eq. (III-5) an d  Eq. (III-6 ), th e  n u m erica l 
va lues of 0 O are :
0 O = 85° for Z = 1
0 O = 103° for Z = 2 (III-9 )
w hen  E  in  Eq. (III-8 ) is  m e a su re d  in  [eV]. Note a lso  th a t  for h ig h e r 
v a lu es  of Z, th e  confinem ent in  Eq. (III-6 ) a n d  Eq. (Ill-7) d isa p p e a rs
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b ecau se , a s  follows from  Eq. (III-5), ReB v a n ish e s  for Z > ^ . T h is is  a
p ecu lia r  ch a rac te ris tic  of th e  W ann ier theory .
An a lte rn a tiv e  deriva tion  [19], a lso  w ith in  th e  c o n tex t of 
W annier theo ry  b u t  u s in g  Ja co b i coo rd ina tes in s te a d  of th e  above 
h y p ersp h erica l ones a n d  differing in  som e a lgeb raic  d e ta ils , a lso  led 
to a  re su lt  a s  in  Eq. (III-7) an d  Eq. (III-8 ), n am ely  a  G a u ss ia n  
confinem ent b u t  w ith a  va lue  0 O = 67.8° for Z=1 [see a lso  ref. 32]. 
A lthough  no  value  w as quo ted  for Z = 2, it is  c lear th a t  it  is  la rg e r 
th a n  for Z=1 a n d  th is  s tu d y  a lso  concluded  th a t  th e  con finem en t 
d isa p p e a rs  for h igher Z. It is  im p o rta n t to  re ite ra te  th e  am b igu ity  
n o ted  above in  th e  sen ten c es  be tw een  Eq. (III-6 ) a n d  Eq. (III-7). A 
d ifferen t choice for Rw w ould  a lte r  th e  n u m erica l v a lu e s  in  (III-9) 
even w hile leaving  u n ch an g ed  th e  form  in  Eq. (111-8). T h u s , if 
in s te a d  of e q u a tin g  th e  p o ten tia l energy  to  E  in  Eq. (Ill-la ) we
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borrow  from  th e  Coulom b virial th eo rem  an d  u se  2E  in s te a d , th e  
n u m erica l v a lu es  in  (III-9) w ould be  in creased  b y  2 1/ 4.
A n o th e r very  d ifferen t tre a tm e n t of th e  tw o -e lec tro n  
c o n tin u u m  prob lem  w ith  no  connec tion  to  th e  W an n ie r th eo ry  h a s  
a lso  led, rem arkab ly , to a  re s u lt  a s  in  Eq. (III-8 ), th a t  is, a  G a u ss ia n  
peak ing  a ro u n d  0 i 2 =rc w hich  sca le s  w ith  E  * /4. In  th is  tre a tm e n t 
[33], s u c h  a  dependence  follows sim ply  from  th e  c h a ra c te r is tic  
norm aliza tion  fac to r for th e  wave function  in  a  repu lsive  C oulom b
I — y a
k  i - k  2  I , th e  wave v ec to r re lev an t to  th e  
e lec tron -e lec tron  m otion, th is  fac to r exp ( -x /k i2 ) a lso  c o n ta in s  a
■ ""fr — )
s tru c tu re  sim ila r to th a t  in  Eq. (III-6 ) a ro u n d  th e  p o in t k  i - k  2 , 
k 2 2  = k 2 2  = | k 2  = E: [34]
0 (8 1 2 ) a  exp(-7cy2  E 1 / 2 / 8 ) ( I I I -10)
so th a t  0 i / 2  = 66 .7  E l / 4  . ( I l l - 11)
A lthough  show ing th e  sam e k in d  of an g u la r co n fin em en t w ith  th e  
sam e scaling , th e  a ssu m p tio n s  underly ing  Eq. (Ill-10) a n d  
Eq. (Ill-11) a re  en tire ly  d ifferen t from  th o se  o f th e  W an n ie r th eo ry  
th a t  lead s  to  Eq. (III-7) a n d  Eq. (III-8 ). In  p a rtic u la r , th e  positive 
C oulom b field p lays no role for th e  d iscu ss io n  in  th is  p a ra g ra p h  w hich
d epends only on th e  rep u ls io n  betw een  th e  two e lec trons. As a
corollary, th e  n u m erica l coefficient in  Eq. (Ill-11) is  in d e p e n d e n t of 
th e  n u c le a r  charge, un like  th e  re su lt  given by  Eq. (III-9) in  W ann ier 
theo ry  d ep en d s crucially  on  a  b a lan ce  be tw een  th e  e lec tron ic  
rep u ls io n  an d  th e  a ttrac tio n  d u e  to  th e  ionic field.
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C om puta tion  of c lassical tra jec to ries for doub le  escape  h a s  a lso  
show n a  peak ing  w ith  an  E 1 / 4  scaling  [35]. T he d is tr ib u tio n  a p p e a rs  
to  have a  sh a rp e r  cut-off th a n  a  G au ss ian  b u t  w hen  fitted  to  a  G a u ss ia n  
gives 0 O = 89° for Z=1 [26].
In  conclud ing  th is  section , we briefly re m a rk  o n  th e  
experim en ta l s itu a tio n  reg a rd in g  d isc rim in a tio n  b e tw een  th e  above 
a lte rna tive  p ic tu re s  for 0 i / 2 - E lectron  im p ac t ion ization  of He j u s t  
above th resh o ld  h a s  generally  verified th e  con finem en t of 0 i 2  to  
va lues a ro u n d  n. Only one experim en t [36] h a s  looked for co in c id en t 
de tection  of th e  two escap ing  e lec trons so a s  to  give d a ta  d irec tly  on 
0 (8 1 2 ). T he E 1 / 4  scaling  h a s  been  verified, b u t  th is  one  single, and  
som ew hat prelim inary , experim en t did n o t have su ffic ien t a cc u ra c y  
to give a  definitive value for 0 O- The ind ication  w as of a  0 O sm a lle r  
th a n  an y  of th e  values quoted  above, b u t  th is  conclu sion  c an  only be  
considered  a s  very ten ta tive . A n o th er se ries  o f e x p erim en ts  [37] on  
electron  im p ac t ionization of ra re  g ases  above th re sh o ld  h a s  fixed th e  
d irec tion  of one outgoing e lectron  (and k i  = k 2 ) a n d  m e a su re d  th e  
an g u la r d is trib u tio n  of th e  o ther. S ince several v a lu es of L a n d  S 
co n trib u te  to  th e  c ross sec tion  n e a r  th re sh o ld  w ith  u n k n o w n  rela tive  
am p litudes, so m any  o th er p a ra m e te rs  b es id es  0 O a re  involved in  
fitting th e  an g u la r d istribu tion  th a t  th ese  d a ta  have b een  u n a b le  to 
d isc rim inate  betw een n u m b ers  like 85° an d  67°. All th e  above 
experim en ts have d ea lt w ith  Z=1 an d  th e re  is no  ex p erim en ta l 
in fo rm ation  on th e  Z dependence . T he m o st c le a r-c u t e x p erim en ts  
(only a  single or a  very sm all n u m b e r of L an d  S  v a lu es  will con tribu te) 
will be  p h o to  double ionization of negative ions a n d  n e u tra l  a to m s
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w ith  co in c id en t de tec tion  of th e  outgoing e lec trons, b u t  th e se  rem a in  
to be  done.
3. Doubly excited  states
It is a lso  well recognized th a t  an g u la r co rre la tion  is s tro n g  a n d  
im p o rtan t in  doub ly  excited s ta te s , p a rticu la rly  w ith  in c reas in g  
excitation, j u s t  a s  it  is  in  th e  double escape  p rob lem  of th e  p rev ious 
section . O ne m ethod  of calcu lation , th e  a d iab a tic  h y p ersp h erica l 
schem e [5, 6 , 18, 38, 39] also  deals w ith  Eq. (Ill-la ), excep t th a t  
now  E  is  negative. An ad iab a tic  sep a ra tio n  is  m ade  of th e  m otion  in  a  
an d  0 i 2  from  th e  m otion  in  R. W ith th e  la tte r  considered  a s  a  
pa ram eter, e igenvalues a n d  eigenfunctions a re  found  of th e  a n g u la r  
k inetic  energy  o p era to r in  th e  p a re n th e s is  a n d  th e  p o ten tia l te rm  in  
C, in  Eq. (Ill-la). T hese fu n c tio n s of a  an d  0 i 2  a re  p a ram etrica lly  
d ep en d en t on  R  an d  serve a s  a  b a s is  for ex p an sio n  o f th e  com plete 
wave fu n c tio n  $. The sq u a red  m agn itude  of th e  e igen functions of a  
an d  0 i 2  have been  called correlation  p a tte rn s  [6 , 18]. W hen p lo tted  
th ey  show  confinem ent to  th e  region 0 i 2  = k .
Two d isc re te  q u a n tu m  n u m b e rs  K an d  T  (w hich red u ce
effectively to  only one for th e  1S e s ta te  of in te re s t, b e c a u se  T  th e n  is
alw ays zero) have been  u sed  to label th e  co rre la tion  p a tte rn s  [18].
T hese q u a n tu m  n u m b ers  w ere originally in tro d u ced  [24] th ro u g h  a n
O4  g roup  th eo re tic  ana ly sis  of th e  tw o-electron  p rob lem  w h en  b o th
elec trons a re  confined to  a  p rincipal q u a n tu m  n u m b e r  n . A specific
choice of th e  coupling of th e  an g u la r m om en tum  ~?i a n d  R unge-L enz
vecto rs 1?i o f th e  electrons, nam ely  th e  co m b in a tio n s ~t  \ + ~ t 2  a n d  
  ̂ ^
b  1 - b 2 , lead s  to a  m ixing of the  (nQ2  *S s ta te s  in  th e  O4
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eigenvectors. T he m ixing coefficients Cj a re  C leb sch -G o rd an  





( I I I -12)
for th e  s ta te  w ith  le a s t rep u ls io n  (which h a s  K = n - l ) .  S u c h  O4  
eigenvectors seem  to give a  fairly good d escrip tio n  of d o u b ly  excited  
s ta te s  a s  ob ta ined  from  ad iab a tic  h y p ersp h erica l sch em es  o r deta iled  
con figu ra tion -in te rac tion  ca lcu la tions. T his h a s  given r ise  to  a  
general feeling in  th e  field th a t  a n g u la r  co rre la tio n s a n d  th e  re su ltin g  
m ixing of d ifferent I a re  well described  by  th e  O4  an a ly s is . Note th a t  
only a n g u la r  co rre lations a re  described , n o t rad ia l, s ince  i t  is  only 
different I v a lu es of a  fixed n  th a t  a re  m ixed.
A  m ore detailed  s tu d y  [25] of th e  precise  n a tu re  of th e  a n g u la r  
co rre la tions th a t  a re  im plied by  Eq. (Ill-12) h a s  show n  th a t  th is  
expression  is  well approx im ated  for Z« n  by
( I I I -13)C[ =
2 (21+ 1 )
n
The sign ifican t fea tu re  is th e  rap id  fall-off for I » n 1 / 2  so th a t  th e
d o m in an t m ixing s tre tc h es  [40] only to va lues of Z ro ugh ly  eq u a l to
n l / 2
n 1 / 2  (the p e ak  of th e  function  in  Eq. (Ill-13) o ccu rs  a t  2  • w as
a lso  po in ted  o u t [12] th a t  w ith o u t th e  exponen tia l fac to r in  Eq. (HI- 
13), th e  coefficients w ould have described  a  s h a rp  co n fin em en t of 
th e  coo rd ina te  space wave function  to  6 1 2  = n. T he G a u ss ia n  fall-off
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in  I m ak es th is  peak ing  n o t a s  sh a rp  a s  a  d e lta  fu n c tio n  b u t  one w ith  a  
G a u ss ia n  sp re ad  in  8 1 2  w ith  a  full w idth  0O n -1/ 2. T he co n n ec tio n  to 
th e  E 1/ 4  sca lin g  of th e  tw o-electron  co n tin u u m  fu n c tio n s  w as 
recognized b u t  0O w as n o t quan tita tive ly  eva lua ted . T h is is  going to  
be done in  S ec tion  4  of th is  chap ter.
As y e t a n o th e r  analy sis  o f bo u n d  s ta te s  w ith  tw o e lec tro n s  [41, 
42], we no te  a  m odel prob lem  th a t  h a s  been  co n sid ered  in  w h ich  two 
e lectrons a re  confined to m otion  on  th e  su rface  of a  sp h e re . T he 
re su lts  have b een  p resen ted  a s  jo in t p robability  d is tr ib u tio n s  in  a  
form  d ifferen t from  p lo ts  in  te rm s  of th e  h y p e rsp h e rica l ang le  0 i 2 , 
b u t  th e  conclu sions a re  equivalent. In p a rticu la r, th e  co n fin em en t to 
0 1 2  = Ji h a s  been  em phasized  b u t  no a ttem p ts  have  b een  m ad e  to 
charac terize  th is  d is tr ib u tio n  fu r th e r  o r s tu d y  its  d e p en d en ce  on  E 
and  Z.
4. Diagonalization in degenerate manifolds
In  d e te rm in in g  physica l e ig en sta te s  of two e lec tro n s, a n  in itia l
expecta tion  w ould be th a t  th e  d o m in an t con figu ra tion  m ixing  d u e  to
th e  e lec tron -e lec tron  in te rac tio n  is betw een  co n fig u ra tio n s  th a t  a re
degenera te  in  th e  absence  of th is  a ttrac tio n . As in  th e  d isc u ss io n  in  
th e  p rev ious section , we w ould, therefore, f irs t d iagonalize  th e  - — ̂iZ
o p era to r am o n g  (nO2  XS s ta te s  a t  fixed n. The c o n s tru c tio n  of th e  
m atrix  e lem en ts  of th is  o p e ra to r an d  its  d iagonalization  is done 
num erica lly  w ith  a  fo rtran  program  included  in  A ppend ix  B. S u c h  
d iagonalizations an d  th e  m ixing coefficients Ci th a t  th ey  lead  to  have 
been  p re se n te d  before [25] a n d  com pared  to  th e  p re d ic tio n s  in  Eq. 
(Ill-12) from  th e  O4  m odel. Table I c o n ta in s  to g e th e r  th e
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coefficients for som e v a lu e s  of n  for th e  low est e ig e n s ta te s  of ppp an d
th e  p red ic tio n s  from  th e  O4  g ro u p  th eo ry  sch em e , E q. (Ill-12). 
Previous s tu d ie s  [12, 25] have d isc u sse d  th e  a n g u la r  co rre la tio n s 
im plied b y  s u c h  se ts  of C[ by  exam in ing  in  "s ta te  space ,"  w h ich  is  in  
te rm s of th e  d is trib u tio n  in  I. We tu r n  now  to  th e  eq u iv a len t 
d iscu ss io n  in  "coordinate space" in  te rm s o f th e  d is tr ib u tio n  in  ©1 2 , 
th e  coo rd ina te  con jugate  to  L
T he p a ssa g e  from  Q  to 0 (6 1 2 ) is  ach ieved  th ro u g h
F igures 2 -4  show  th e  re s u lt  for rep resen ta tiv e  v a lu es  of n  w ith  Cj 
d raw n  from  th e  O4  m odel (Eq. (Ill-12)), its  sim plified  v e rs io n  in  Eq. 
(Ill-13) a n d  from  th e  exac t d iagonalization  in  T able  V. T he 
d is trib u tio n  is peaked a ro u n d  0 i 2 =x a n d  h a s  th e  form  of a  G a u ss ia n , 
w ith  w id th  a s  tab u la te d  in  Table VI. The full w id th  a t  h a lf  m ax im um  
is given by
w ith  th e  v a lu es  of 0 O show n, u p o n  fitting  to su c h  a n  ex p ress io n  an d  
ex trapo la ting  to  th e  n  -» °° lim it. E quivalen tly , in  te rm s  of th e  energy
of each  e igensta te  a s  also show n in  Table VI (E is th e  su m  of th e  one
-Z2  1
e lec tron  en erg y  (p^r) an d  th e  eigenvalue of ppp), th e  w id th  is  a s  in
Eq. (III-8 ), n am ely  0 IEI 1/ 4 , a n d 0 o va lues a re  show n. F o r th e  
expression  in  Eq. (Ill-13) for Cj, we can  ev a lu a te  0 (0 1 2 ) given b y  Eq.
cy(0 i 2 ) = |
c— u
01/2 = 0o n -1/ 2 , ( I I I -15)
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(III-14) analy tically , an d  th e  re su lts  o b ta in ed  for 0O (=(8In2) 1 / 2  =
135°) a n d  0 O coincide w ith  th o se  from  n u m erica l fittin g  to  th e  
w id th s  in  th e  th ird  co lum n  o f T able VI. The an a ly tica l e x p re ss io n  in  
th is  c ase  is
2
a (0 i2 ) a  exp(- ^ - )  . ( I l l - 16)
5. D iscussion
F o r tw o-electron  s ta te s  w ith  r i  « r 2  w e have d o c u m e n te d  
quan tita tiv e ly  th e  tig h t con finem en t o f th e  wave fu n c tio n  a ro u n d  
0 1 2  ~ 7i, b o th  in  th e  d isc re te  a n d  in  th e  co n tin u u m  ra n g e  of energ ies, 
for v a rio u s  a lterna tive  m odels in  th e  lite ra tu re . All show  a n  n - 1 / 2  o r 
I E I x / 4  d ependence  of th e  w id th s of th e  G a u ss ia n  d is tr ib u tio n  in  
7t - 0 i 2 . Of p a rtic u la r  in te re s t  is  th e  dependence  of 0 O o n  Z. All 
d esc rip tio n s of a n g u la r  co rre la tion  a s  in  S ections 3 a n d  4 , w h ich  a re  
re s tric te d  to m ixing  s ta te s  w ith in  a n  n  m anifold, show  v a lu e s  of 0 O 
th a t  d ec rease  w ith  Z. T hey differ, rad ica lly  from  th e  re s u l t  in  (III-9) 
of W ann ier th eo ry  w here, a s ide  from  th e  p ecu lia rity  of no  
confinem en t for Z > 2, 0 is  la rger for Z=2 th a t  for Z = l. T h is  p o in ts  
to  a  difference in  th e  n a tu re  of th e  a n g u la r  co rre la tion  in  th e  wave 
fu n c tio n  given b y  Eq. (III-2) o f W ann ier th eo ry  from  th e  co rre la tio n  
co n ta in ed  in  O4  o r o th e r m odels th a t  a re  re s tric te d  to  a  fin ite  
m anifold of degenera te  s ta te s . C learly  th e re  is  also a n g u la r  
co rre la tion  a ris in g  from  con figu ra tion  m ixing of one  e lec tro n  s ta te s  
w ith  d ifferen t p rin c ip a l q u a n tu m  n u m b e rs  a n d  it  is n o t in c lu d ed  in  
th e  O4 p ic tu re .
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The above p o in t th a t  superfic ia l s im ila rity  in  co n fin em en t for 
012 = n  a n d  E 1/ 4 scaling  of th is  confinem ent does n o t  m e a n  th a t  all 
th ese  m odels have th e  sam e k ind  of a n g u la r  co rre la tio n s  h a s  n o t  b een  
sufficiently  app rec ia ted . It a lso  em p h asizes  th e  im p o rtan ce  of m ore 
q uan tita tive  (such  a s  m ea su re m e n ts  of 0 D) a n d  m ore de ta iled  (su ch  a s  
th e  dependence  of 0 O on  Z) experim en ta l in fo rm a tio n  to  d isc rim in a te  
betw een  rival theo ries .
T his ana ly sis  of a n g u la r  co rre la tions h a s  b een  d esig n a ted  to 
sh a rp e n  fu r th e r  th e  difference betw een  W ann ier th eo ry  a n d  o th e r  
theo ries dea ling  w ith  s tro n g  e lec tron  co rre la tio n s , w h e th e r  we 
consider doub ly  excited  ridge s ta te s  o r tw o-electron  e scap e . O th e r 
theories, inc lud ing  d escrip tio n s b a sed  on  O4  sym m etry , 
d iagonalization  in  fixed n  m anifo lds an d  ad iab a tic  h y p e rsp h erica l 
schem es, differ in  b o th  qualita tive  an d  q u a n tita tiv e  te rm s  from  th e  
deta iled  p red ic tio n s of W ann ier th eo ry  for th e  c o rre la tio n  betw een  
th e  two e lectrons. T hese th eo ries  are su ite d  to low s ta g e s  of 
excita tions w h en  n o n -ad iab a tic  coup lings o r co u p lin g s be tw een  
different m anifo lds n  a re  sm all. At h igher excita tion , p a rtic u la rly  in  
th e  vicinity  of th e  double escape  th resh o ld  w h en  s u c h  coup ling  
becom e strong , a  s im u ltan eo u s trea tm e n t of all th e  v a riab le s  is  
essen tia l. O therw ise, m islead ing  conclu sio n s m ay b e  d raw n  even on  
an g u la r co rre la tions, le t a lone  on rad ia l co rre la tio n s w h ere  one 
expects th e  m ixing of d ifferent n  to  be  im p o rtan t. W e have show n  
th a t  0 O in  W annier th eo ry  is un ique ly  d ifferen t from  th eo rie s  w h ich  
neglect th e  n o n -ad iaba tic ity  in  th e  variable  R  a n d  6 1 2 - We hope  
experim ents can  be b ro u g h t to  b e a r  on th e se  a sp e c ts  o f th e
3 7
dependence  o n  Z and  th e  n u m erica l value of 0o  in  o rd e r  to  ge t c lear- 




F ig u re  2 . D istribu tion  of sq u a red  w ave fu n c tio n  o(0 i 2 ) in  a rb itra ry  
u n its  a s  ob tained  from  e q u a tio n  (III-14) w ith  C i va lues 
derived  from O4  g roup  sy m m etry  (x) in  E q. (Ill-12); from  
th e  sim plified exp ress io n  in  E q. (Ill-13) □ ; a n d  from 
ex ac t d iagonalization (A), for m an ifo ld  n  = 5.
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F ig u re  3 . The sam e a s  Fig. 2  b u t  for n  = 7.
CM
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F ig u re  4 . T he sa m e  a s  Fig. 3 . b u t  for n  = 10.
TABLE V. Am plitudes C i of different (nl) 2  s ta tes in the lowest eigenvector of l / r i 2  w ithin degenerate 
manifolds n. R esults from O4  group sym m etry in Eq. (Ill-12) are com pared w ith those from 
___________ exact num erical diagonalization._____________________ _____________________________________
n  = 5 n  = 6 n  == 7 n  = 8
I Eq. (Ill-12) Exact Eq. (Ill-12) Exact Eq. (Ill-12) Exact Eq. (111-12) E xact
0 0 .6000 0 .6 5 2 8 0 .5528 0 .6055 0.5151 0 .5 6 6 4 0 .4841 0 .5 3 3 7
1 0 .6928 0 .6 8 3 8 0 .6839 0 .6885 0.6691 0 .6 8 4 0 0 .6 5 2 2 0 .6 7 4 5
2 0 .3833 0 .3 1 7 2 0 .4414 0 .3797 0 .4799 0 .4 2 6 6 0 .5 0 5 2 0 .4 6 1 4
3 0 .1 1 3 4 0 .0 7 4 8 0.1741 0 . 1 2 1 1 0 .2272 0 .1 6 6 2 0 .2 7 1 7 0 .2 0 7 8
4 0 .0143 0 .0 0 7 3 0 .0395 0 .0 2 1 4 0 .0703 0 .0 4 0 6 0 .1 0 2 7 0 .6 3 0 4
5 0 .0040 0 .0016 0 .0129 0 .0 0 5 8 0 .0 2 6 2 0 .0 1 2 5
6 0 .0014 0 .0 0 0 4 0 .0041 0 .0 0 1 5
7 0 .0 0 0 3 0 .0 0 0 7
n  = 9 n = 1 0 n = 18
I Eq. (Ill-12) E xact Eq. (Ill-12) Exact Eq. (Ill-12) E xact
0 0 .4581 0 .5 0 5 9 0 .4359 0 .4819 0 .3287 0 .3 6 9 0
1 0 .6348 0 .6 6 2 5 0 .6177 0 .6493 0 .5 0 9 4 0 .5 4 9 4
2 0 .5215 0 .4 8 6 9 0 .5316 0 .5054 0 .5261 0 .5 3 7 9
3 0 .3085 0 .2451 0 .3387 0 .2779 0 .4 4 4 5 0 .4191
4 0 .1 3 4 6 0 .0 8 7 2 0 .1645 0 .1 1 1 8 0 .3208 0 .2711
5 0 .0425 0 .0 2 1 7 0 .0606 0 .0 3 3 0 0 .2 0 0 5 0 .1 4 7 8
6 0 .0092 0 .0 0 3 6 0 .0165 0 .0070 0 .1 0 9 0 0 .0 6 8 4
7 0 . 0 0 1 2 0 .0 0 0 4 0.0031 0 . 0 0 1 0 0 .0515 0 .0 2 6 8
8 0 .00008 0 . 0 0 0 0 2 0 .0004 0 .00009 0 . 0 2 1 1 0 .0 0 8 9
9 0 .00003 0 . 0 0 0 0 0 0 .0 0 7 4 0 .0 0 2 5
1 0 0 . 0 0 2 2 0 .0 0 0 6
TABLE VI. F u ll w id th  a t  h a lf  m ax im um , 6 1 / 2  of 0 (6 1 2 ) for d ifferen t m anifo lds. R esu lts  from  O4  g roup  
sym m etry  w ith  Ci d raw n  from  Eq. (Ill-12) a re  c o n tra s te d  w ith  th o se  from  th e  sim plified  
exp ression  in  Eq. (Ill-13) an d  from  th e  exact v a lu es  a s  in  T able V. T he la s t  c o lu m n s give 
co rrespond ing  energy v a lu es  w hile th e  low er p a r t  of th e  tab le  gives th e  v a lu es  o f 6 0  in  
E q. (Ill-15) a n d  0 in  Eq. (III-9) ob ta ined  u p o n  ex trap o la tio n  to  th e  n  -» <» lim it.
0 i / 2 (deg) -E(eV )
n Eq. (I ll-12) E q. (I ll-13) E x ac t Z = 1 Z = 2
3 9 4 .3 5 8 9 .3 1 9 9 .5 8 1 .6 8 5 9 .4 1 7
4 7 7 .0 3 7 2 .4 5 8 2 .9 0 0 .9 8 6 5 .3 7 3
5 6 6 .7 1 6 3 .0 4 7 2 .6 5 0 .6 4 5 3 .4 6 6
6 5 9 .6 7 5 6 .8 5 6 5 .4 7 0 .4 5 4 2 .4 1 9
7 5 4 .4 7 5 2 .3 1 6 0 .0 7 0 .3 3 7 1 .7 8 4
8 5 0 .4 3 4 8 .7 6 5 5 .8 1 0 .2 5 9 1 .3 6 9
9 4 7 .1 7 4 5 .8 5 5 2 .3 4 0 .2 0 6 1 .0 8 4
1 0 4 4 .4 8 4 3 .4 1 4 9 .4 4 0 .1 6 8 0 .8 7 9
18 3 2 .1 1 3 6 .1 4 0 .0 5 3 0 .2 7 3
148 135 155
00 Z=1 7 2 .9 6 6 .5 7 6 .2
Z=2 4 8 .3 4 4 .1 5 0 .5
to
CHAPTER IV. Analytical study o f doubly excited  ridge 
s ta te s
1. Introduction
In  th is  c h a p te r  som e seq u en ces  of doub ly  excited  ridge s ta te s  
a re  ca lcu la ted  by  u s in g  a  wave function  th a t  tre a ts  th e  p a ir  of 
e lec tro n s a s  a  single e n tity  in  solving th e  tw o-electron  S chrod inger 
e q u a tio n  in  h y p e rsp h e rica l co o rd ina tes  (R ,a,0 i 2 ). For double  escape  
of slow  e lectrons, th e  W an n ier th eo ry  in tro d u ced  a t  th e  beg inn ing  of
th e  p rev ious c h a p te r  p red ic ts  th a t  th e  w ave fu n c tio n  is  co n cen tra ted  
in  th e  reg ion  a  ~ 6 1 2  = it (th a t is, ~?i ~ 2 ) a n d  one expects
so m eth in g  s im ila r for th e  ridge s ta te s  w hich  have  com parab le  rad ia l
7C
excita tion . By expand ing  a ro u n d  a  = © 1 2  = x, an d  re ta in in g  th e
first non -triv ia l q u a d ra tic  dependence  in  a  an d  ©1 2 , we seek  a  
so lu tio n  in  w hich  th e  form  of th e  w ave-function  in  th e se  two variab les 
is analy tica lly  d e te rm ined  a s  in  W annier theory . T he R -dependence 
of th e  wave fu n c tio n  is th e n  h an d led  num erically .
2. Two-electron Schrodinger equation in  hyperspherical 
coordinates
T he h y p e rsp h erica l co o rd in a te s  a lread y  in tro d u c ed  in  earlie r 
c h a p te rs  a n d  rep ea ted  below  is one of th e  n a tu ra l  coord inate  sy stem s 
for th e  e lec tro n  pair:
R  = V r i 2  + T2 2
a  = a rc ta n  (“ )
4 3
In  a tom ic  u n i ts  (H = m e = e = 1) th e  S chrod inger e q u a tio n  for th e  




2 '  R 3 R 2 y  = E\\f , (IV -2)
w h ere  C (a ,0 i 2 ) is  given b y  Eq. (Ill-lc), and
cos2a  s in 2a  '  s in a  cosa  3a2
l i 2 h 2 1 32
—   — ----- s in a  c o sa  - 4  . (IV-3)
In  Eq. (IV-2) th e  ex p ress io n s in  sq u a re  b ra c k e ts  re p re se n ts  th e  
k in e tic  energy  of th e  e lec tron  p a ir. As in  th e  single e lectron  
p rob lem  in  p o la r co o rd in a tes , w here th e  k inetic  energy  o p e ra to r is  
se p a ra te d  in to  rad ia l an d  cen trifugal p a rts  (both inversely  
p ro p o rtio n a l to  th e  sq u a re d  rad ia l coord inate  r 2) h e re  th e  k inetic  
energy  of th e  p a ir  c a n  be sep a ra ted  into rad ia l an d  cen trifuga l p a rts , 
rep lac ing  r  by  R a n d  f2 by  A2  ; A is called th e  G rand  A ngu lar 
M om en tum  o p e ra to r.
C (a ,0 i 2 ) in  Eq. (IV-2) allows u s  to see rad ia l an d  an g u la r 
co rre la tio n  a sp e c ts  in d ep e n d en t of R. T his p o ten tia l h a s  a  flat sadd le
7C K
a t  a  = 4 , 0 i 2  = 7c a n d  d ro p s aw ay from 0  = 4 , hav ing  deep  valleys a t
7t
a  = 0  a n d  2 ■ T he valleys co rrespond  to  very  u n e q u a l excita tions of
th e  two e lec tro n s. D oubly  excited ridge s ta te s , w here  b o th  e lec trons 
have  sim ila r excita tions, c an  occu r only if the  sy stem  s ta y s  in  the  
vicin ity  of th e  sadd le  po in t. One expects a  wave fu n c tio n  highly
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c o n ce n tra te d  in  th is  reg ion  to  describe  su c h  s ta te s . T h is is th e  
m o tiva tion  for ex p an d in g  th e  po ten tia l in  Eq. (IV-2) a ro u n d  th e  
sad d le , w ith
y = % - 0 i 2  • (IV-4)
F o r s ta te s  w ith  1 Se sym m etry , w here li  = I2 , Eq. (IV-2) 
sim plifies to  Eq. (III-3a) w h ich  is  valid for b o u n d  s ta te s  a n d  for th e  
c o n tin u u m , th e  only  difference betw een  th em  lying in  th e  sign  of th e  
en erg y .
3. Construction o f the wave function
a) 1Se sta tes
As we saw  in  S ection  2 of th e  previous ch ap te r, w hen  th e  two- 
e lec tro n  S ch ro d in g er e q u a tio n  is expanded  a ro u n d  th e  sad d le  poin t,
y2
th e  p o ten tia l C(j3,y) show s a  h a rm o n ic  oscillator ^r, a n  an ti-harm on ic  
J32o sc illa to r (- ^ )  a n d  a  C oulom b form  in  R suggesting  a  so lu tio n  of th e
form  exp (- V r  (AJ32 +By2 +C)) [15].
As a  firs t s te p  in  th is  calcu lation , we nex t consider th a t  the  
w ave fu n c tio n  m u s t  in c lu d e  a  pow er of R2 (1-2J32). T his is  a  p h ase  
sp ace  fac to r in tro d u c ed  for elim inating  first-derivatives in  R, so th a t  
a ll wave fu n c tio n s  have  a  m ultip licative factor r i r 2  = R2  c o sa  s in a  = 
R 2 (1-2J32). T he s im p le s t choice, therefore, for a  b o u n d  s ta te  w ould 
b u ild  in  th e  above tw o in g red ien ts  and  a n  exponentia l fall-off. This 
h a s  b een  s tu d ied  before [5] a n d  served a s  a  m otivation  for th e  nex t 
s te p  in  so p h is tica tio n  th a t  th is  d isse rta tio n  rep re sen ts .
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O n th e  o th e r  h an d , if we consider lower lying b o u n d  s ta te s  of 
two e lec tro n  a to m s  a  rea so n ab le  zero o rd er wave fu n c tio n  is
r i + r 2
exp(-Z ' ———), b u t, a s  is  well know n [43], su c h  a  fu nc tion  does n o t
give b in d in g  in  th e  negative ion H". O ne w ay to  p roceed  to  get th is  
b in d in g  is  to  in c lu d e  explicitly  th e  coord inate  r i 2  th ro u g h , for 
in s ta n c e , a  fac to r exp (c ri2 ), so a s  to in tro d u ce  rad ia l co rre la tion  
b e tw een  th e  tw o e lec trons. T ran sla tin g  th is  s t ru c tu re  to th e  
h y p e rsp h e ric a l co o rd in a te  system , we have exp(R(aJ32 +bY2)). 
C om bining , therefo re , th is  s tru c tu re  a s  suggested  b y  th e  low er end  of 
th e  sp e c tru m  w ith  th e  ea rlie r s tru c tu re  suggested  b y  W ann ier theo ry  
for d o ub le  e scap e , and , therefore , for th e  h ig h er end  of th e  
sp e c tru m , we choose  a s  o u r  basic  an sa tz .
0, , - W -  '  VRiAJjZ+B^+C) Rfa^+by2)
\|/(R,J5,Y) = IR2 (1-2J52 )]v - 1 e ^  • e • e , (IV -5)
In th is  ex p ress io n  v is  a  p rin c ip a l q u a n tu m  n u m b er, con jugate  to R 
(ju st a s  n  goes w ith  r  in  a  one e lectron  problem ), a n d  Rq is  a  
v a ria tio n a l p a ra m e te r  th a t  gives th e  effective rad ia l e x te n t of the  
d o u b ly  excited  s ta te .
T he coefficients A, B, C, a  an d  b  are  fixed analy tically  by 
s u b s ti tu t in g  th e  wave fu n c tio n  given by  Eq. (IV-5) in to  th e
S c h ro d in g er e q u a tio n  expanded  a ro u n d  th e  sadd le , given by  Eq. 
(III-3a), a n d  can ce lin g  co n sis ten tly  all te rm s involving ^  (including 
6 2  y2
te rm s  like ^  a n d  j=r) an d  _6 2  an d  y2 , leaving b e h in d  te rm s  in  h igher 
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F or th e  ran g e  of Ro, in  w hich  E  h a s  a  m in im um , A a n d  B are 
im ag inary . U sing  th e se  va lues an d  ignoring  th e  im ag inary  p a rt of E, 
we m u ltip ly  by  \|/* a n d  ca rry  o u t th e  in teg ra tion  over th e  th ree  
h y p e rsp h e ric a l co o rd in a tes , obtain ing:
1 fjf?.
_  , 4 v - l  1 2Z0 1 iC>l5* 3 '  1
^ o )  = 2 ( 4 v + l ) R ^ 2  " ( 4 v + l ) R ^ + ( 4 v - l ) ( 4 v + l )  R ?  * d v “7 )
2 v - 2
1
T his ex p re ss io n  h a s  a  m in im um  for Ro =
£<0
E v alu a tio n  of th is  m in im um  for d ifferent m anifo lds is show n in
T ab les VII a n d  VIII, for Z=1 an d  2 respectively . T hese  re su lts  a re
com pared  w ith  a c c u ra te  n u m erica l ca lcu la tio n s [12, 44] an d  w ith
p rev io u s s im ila r w ork  [5], b u t  w hich  did n o t inc lude  a  a n d  b.
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T h ese  wave fu n c tio n s  a re  fairly su ccessfu l for ca lcu la ting  som e 
of th e  energ ies of th e se  ridge s ta te s , b u t  th e  ab sen ce  of n o d es  in  th e  
variab le  R  m ak es  th em  u n su ita b le  for describ ing  th e  w hole fam ily of 
s ta te s  for a  given L a n d  S. T h is is  sim ila r to  ca lcu la ting  th e  energy 
levels o f th e  hydrogen  a tom  w ith  only th e  sp e c tra l sequence: Is , 2 p, 
3d , e tc ., th a t  is, w ith  no  n o d es in  r. A lthough th e  energ ies a re  
co rrec tly  d e ta ined , th e  wave fu n c tio n s do n o t describe  th e  s  s ta te  
seq u en ce  of hydrogenic  s ta te s  n s . A b e tte r  wave fu nc tion  c a n  be  b u ilt 
b y  in c lud ing  a  polynom ial in  R  in s tead  of th e  fac to r [r2(1-2J52)]v-i m  
Eq. (IV-5). Note th a t  th is  fac to r arose  from  ( r i r 2 ) v_1  =
(R2s in a  c o s a )v_1 expanded  a ro u n d  th e  sadd le  (a = 8 1 2  = k).
A m ore rea lis tic  a ssu m p tio n  is to  co n sid er polynom ial 
in d iv id u a l e lec tron  w ave fu nc tions. T heir m u ltip lica tio n  g en era te s  
p ro d u c ts  of d ifferen t pow er o f r i a n d  r 2  w hich  m e a n s  d ifferent 
pow ers of R  in  o u r  coo rd ina te  system . M ain tain ing  th e  sam e an g u la r
s tru c tu re , th e  im proved wave fu nc tion  is:
\|/v(R,J5,y) =
2v- 1 |+ i-1 , “ IT " VR(AJ32+B'y2+C) + R(£tf2+bY2)= X a(i,v) • R2 (1-2J32) e ^  (IV-8)
i=l
2v-1 
X a(i,v) F(i,v) 
i=l
with F(i,v) = R ^ - 1 U-2J32) e- £  ■ 'rRWW+C) + "“ * * *  , (IV-9)
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w here  A, B, C, a  a n d  b  a re  de term ined  analytically, in  th e  sam e w ay a s  
before, to  sa tis fy  th e  lead ing  ^  d ep en d en ces in  th e  S ch ro d in g er
eq u a tio n . F o r th is  new  form  \|/v(RJ3,y) in  Eq. (IV-9) it is  n o t  possib le  
to  ge t a  sim ple  v a ria tio n a l expression  for Ey(Ro) like th e  one  given b y  
Eq. (IV-7) in  th e  p rev ious step . F o r solving th e  e igenvalue problem
H vv(RJ3.Y) = Ev Vv(RJ3,Y) , (IV -10)
it  is  n e c e ssa ry  to  evaluate  th e  a(i,v) va lues in  th e  polynom ial. T h is is 
done b y  tran s fo rm in g  th e  eigenvalue problem  of Eq. (IV-10) in to  a  
genera lized  eigenvalue  prob lem , expand ing  \|/v(RJ3,y) in  te rm s of 
F(i,v), m u ltip ly ing  b y  F(j,v)*, an d  in teg ra ting ,
H \j/v(R,J3,y) = E v Yv(RJ5.Y)
2 v - 1 2 v - 1
F*(j,v) H S  F(i,v) a(i,v) = Ev 2  F(j,v)* F(i,v) a(i,v)
i= 1 i= l
2 v - 1 2 v - 1
2  f F*(j,v) HF(i,v) dx a(i,v) = 2  j F(j.v)* F (i,v) dx a(i,v)
i= l  i= l
2 v - 1 2 v - 1
2  (F(j,v),HF(i,v)) a(i,v) = Ev I  (F(J,v), F(i,v)) a(i,v) 
i= 1 i=  1
2 v - 1 2 v - 1
2  H(j,i) a(i,v) = Ev 2  S(j,i) a(i,v) (IV -11)
i= 1 i= l
w ith  (F(j,v), HF(i,v)) s  f F*(j,v) HF(i,v)dx = HO.i)
5 0
(F(j,v), F(i,v)) s  J F*(j,v) F(i,v)dx = S(j,i) . (IV -12)
Eq. (IV-11) re p re se n ts  a  generalized  e igenvalue p rob lem , 
w here  H  a n d  S a re  know n, an d  its  so lu tion  will give "2v-l" v a lu es for 
Ev a n d  th e ir  respec tive  1i v- The h ig h es t of th e se  e igenso lu tions is  
th e  one  w h ich  co rre sp o n d s  to  th e  energy of th e  m anifo ld  w ith  
p rin c ip a l q u a n tu m  n u m b e r  v. Its co rrespond ing  eigenvector co n ta in s  
th e  coefficients for th e  d ifferen t pow ers of R  in  th e  polynom ial. For 
e ac h  m anifo ld  (v), Ev is  num erica lly  m inim ized th ro u g h  th e  
v a ria tio n a l p a ra m e te r  Rq. The re su lt  of th is  w ork  is a lso  inc luded  in  
T ab les VII a n d  VIII for H an d  He respectively.
b )  L = 1 s t a t e s
W hen one deals  w ith  s ta te s  w ith  L * 0 th e  com plexity  in c reases  
b o th  in  th e  s tru c tu re  of th e  wave function  a n d  in  th e  S ch rod inger 
equa tion . In  th is  a p p ro a ch  of w orking  w ith  R, JB, a n d  y in  th e  saddle, 
th e  in c reased  com plexity  is  far le ss  th a n  th a t  of o th e r ca lcu la tional 
te c h n iq u e s . T he in c rease  in  com plexity for th e  wave fu nc tion  is 
red u c ed  to  th e  in tro d u c tio n  of a  m ultip licative  fac to r, f(j3,y), ac ting  
o n  th e  ex p re ss io n  given b y  Eq. (IV-5). T his m ultip licative  fac to r 
gives th e  sym m etry  ch a rac te ris tic  of th e  {L.S.ID s ta te . T he s tu d y  of 
th e se  m ultip licative  fac to rs, in  th e  con tex t of the  W ann ier theo iy , h a s  
b een  done [29] for d ifferen t sym m etries of c o n tin u u m  s ta te s . S im ilar 
co n sid era tio n s  app ly  for b o u n d  s ta te s  b ecau se  c o n tin u u m  a n d  bou n d  
s ta te s  sh a re  th e  sam e a n g u la r  an d  sp in  behavior. F o r sym m etries of 
o u r  in te re s t  th e  fac to r f(j3,y) is [5]:
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for 3 P°(A = +) 
for 1P°(A = +) a n d  3 Pe 
for ipOjA = -)
for !pe an d  3 P°(A = -) . (IV -13)
W ith  reg a rd  to  th e  m odification  of th e  tw o-electron
S ch ro d in g e r e q u a tio n  for n o n  L=0 s ta te s , Eq. (IV-2) c a n n o t be
sim plified  to  th e  sa m e  form  a s  Eq. (Ill-lc). The m ixing  of th e  E u le r
ang les  w ith  th e  co o rd in a te s  r i , r 2  an d  0 i 2 , leads to  e x tra  te rm s in  the
S ch ro d in g e r  e q u a tio n  (IV-2). T his ex tra  c o n trib u tio n  to th e
S ch ro d in g er eq u a tio n  in  th e  sadd le  region h a s  b e en  ca lcu la ted  by
C3
W ong [5] a n d  he  red u ced  it  to  a n  add itional te rm  ^ 2  in  Eq. (Ill-lc), 
w ith
C 3  = -4  (1 =4 X3 2 ) ( ^  + ^) for 3pe
C 3  = 4 (1 -2J3+ 4J32)[(± -|) J ^ - l ]
+ 4(l+2j3+4j32)[~  + for lP°(A  = ±)
an d  3 P°(A = +) . (IV -14)
T he ex ten sio n  to n o n  L=0 s ta te s  can  be accom plished  by  add ing  the  
above te rm  to th e  tw o-electron  S chrod inger e q u a tio n  [45], given by  
Eq. IV -14, m odifying th e  L=0 wave function  by  th e  m ultip licative  
fac to r f05,y). given b y  Eq. (IV-13), and  p roceed ing  w ith  th e  sam e 
m ethodology  u se d  in  th e  1 Se calcu lation .
fC3,y) = 1 
= Y 
= 3  
=
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4. R esults and d iscussion
S eq u en ces  of ridge s ta te s  calcu la ted  w ith  th e se  p a ir  b a s is  wave 
fu n c tio n  a re  p re se n te d  in  T ables VII-X w here  th e y  a re  com pared  w ith  
availab le  re su lts . T hese  energy  va lues fit th e  p a ir  R ydberg form ula  
(II-3) th e re b y  prov id ing  a  th eo re tica l ju s tif ic a tio n  for th a t  fo rm ula, 
a n d  a  physica l significance for o  w hich  is seen  to  reflect th e  J52  an d  
Y2  d e p e n d e n c e  in  (II-3).
F o r !S e s ta te s , we have  ca lcu la ted  th e se  se q u en c es  twice. T he
firs t one, w ith  n o d e less  w ave function  in  R, is  a  sim ple  ca lcu la tion
th a t  gives u s  a n  an a ly tica l exp ression  (Eq. IV-7) for th e  energy a s  a
fu n c tio n  of th e  p rin c ip a l q u a n tu m  n u m b e r (v). T h u s, th e  energy for
doub ly  excited s ta te s  w ith  high  v va lues can  be evaluated  w ith  no
ex tra  com plica tions. T his advan tage  is sh a red  w ith  W ong's
ca lcu la tio n  [5], w h ich  is s im ila r to o u rs  b u t  does n o t inc lude  the
R(aj32+b72)
exponen tia l te rm  e an d  it  h a s  a  d ifferent se lec tion  of th e
c o n s ta n ts  A, B a n d  C g en era tin g  energy  values less  d eep er th a n  ou rs, 
aw ay from  th e  m ore a c c u ra te  re su lts  available. O u r re s u lts  in  the  
second  ca lcu la tio n , n ex t in  so p h is tica tio n  w h en  w e in tro d u ce  th e  
polynom ial in  R, a re  a s  good a s  th e  ones of o u r firs t calcu lation . In 
th is  ca lcu la tio n , th e  energ ies for each  m anifold a re  ob ta in ed  th ro u g h  
th e  so lu tio n  of th e  generalized  eigenvalue problem , given by  Eq. (IV- 
11). T h is  is done num erica lly  w ith  a  fo rtran  p rog ram  th a t  ru n s  in  22 
sec. in  th e  T im e S h a re  O ption  (TSO) of th e  IBM -3090 of L ou isiana  
S ta te  U niversity; d e ta ils  o f th is  p rogram  are  given in  A ppendix  C.
H ere we ca lcu la ted  th e  sim p lest c ase s  (L=0,1), a s  a  p a r t  of a n  
a tte m p t to  provide a  new  b a s is  for ca lcu la ting  p a ir  ridge s ta te s . In 
th e  fu tu re , to co n tin u e  w ith  th is  s tu d y  we m u s t ex tend  sim ilar
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c a lcu la tio n s  to  o th e r  s ta te s  w ith  h igher an g u la r m o m en tu m  (L>1) an d  
w e have  to  im prove th e  wave function , in  th e  sam e w ay  a s  we did  for 
zero  a n g u la r  m o m en tum , in tro d u c in g  a  polynom ial in  R  a s  a  p a r t  of 
th e  s tru c tu re  of th e  w ave function . W ith a  m ore reliab le  wave 
fu n c tio n  a n d  hav ing  ex tended  th e se  calcu lation  to s ta te s  {L,S,II} in  
g e n era l we c a n  th e n  expect to  ca lcu la te  m atrix  e lem en ts  of th e  
e lec tric  d ipole o p e ra to r be tw een  th e  p a ir  wave fu n c tio n s  to  o b ta in  
tra n s it io n  ra te s  be tw een  th e se  s ta te s .
Looking b a c k  a t  th e  w ork of th is  d isse rta tio n , we have 
developed a  c o n s is te n t p a ir  descrip tion  of doub ly  excited  s ta te s , a s  
s ta te s  converging to  th e  double  ionization lim it. T here  is  fairly  good 
a g reem en t be tw een  o u r  re su lts  a n d  e laborate  n u m erica l calcu la tions 
a t  low  excita tions. O u r s tu d y  w as n o t designed to com pete  in  
n u m erica l a cc u ra c y  w ith  th ese  calcu lations, b u t  ra th e r  to  develop a  
d ifferen t b a s is  b a sed  on a  p a ir  descrip tion , w hich  becom es m ore 
ap p ro p ria te  a t  h igh  excita tions for ridge s ta te s . C onventional 
n u m erica l c a lcu la tio n s a re  m u ch  m ore quan tita tive ly  accu ra te  a t 
low er excita tions, b u t  c a n n o t be readily  ex tended  to  h ig h er s ta te s  
b e c a u se  a n  explosion in  th e  n u m b e r of configura tions th a t  need  to be 
in c lu d ed . T he p a ir  d escrip tio n  is ad ap ted  to d escrib in g  th is  region 
n e a r  th e  doub le  ion ization  lim it b ecau se  it  explicitly b u ild s  in  
analy tica lly  th e  a n g u la r  an d  rad ia l corre lations th a t  dom inate  in  th is  
lim it.
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TABLE VII. V alues o f energy  of 1S e doubly-excited ridge s ta te s  in  H 
o b ta in ed  from  Eq. (IV-7) com pared  w ith  p rev ious 
ca lcu la tio n s  a n d  a c c u ra te  num erica l ca lcu la tions; for 
m an ifo ld  v = 4 to  11.
-Eu(a.u.)
Sol (IV-11) E q. IV-7
V ( w i t h  nodes) (no nodes) Ref. 5 Ref. 16 Ref. 44
4 0 .0 4 0 6 9 0 .0 4 0 2 6 0 .0 3 2 7 2 0 .0 3 9 6 4 0 .0 3 9 9 2
5 0 .0 2 5 0 8 0 .0 2 6 0 8 0 .0 2 1 7 9 0 .0 2 5 7 0 0 .0 2 6 0 2
6 0 .0 1 6 9 8 0 .0 1 8 0 2 0 .0 1 5 4 3 0 .0 1 8 0 1 0 .0 1 8 2 1
7 0 .0 1 2 2 4 0 .0 1 3 1 1 0 .0 1 1 4 6 0 .0 1 3 3 2 0 .0 1 3 5 3
8 0 .0 0 9 2 4 0 .0 0 9 9 4 0 .0 0 8 8 3 0 .0 1 0 2 8 0 .0 1 0 4 2
9 0 .0 0 7 2 1 0 .0 0 7 7 8 0 .0 0 7 0 2 0 .0 0 8 1 3 0 .0 0 8 2 7
1 0 0 .0 0 5 7 9 0 .0 0 6 2 5 0 .0 0 5 6 9
1 1 0 .0 0 4 7 4 0 .0 0 5 1 3 0 .0 0 4 7 1
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TABLE VIII. T he sam e  a s  Table VII, b u t  for He.
V
E q. (IV-11) 
(with nodes)
Eq. IV-7 
(no nodes) Ref. 5 Ref. 16 Ref. 44
3 0 .4 1 8 8 0 .3 6 1 8 0 .3 0 4 7 0 .3 5 3 5 0 .3 5 2 9
4 0 .2 2 1 5 0 .2 1 9 2 0 .1 8 6 1 0 . 2 0 1 0 0 . 2 0 1 2
5 0 .1 3 6 5 0 .1 4 2 1 0 .1 2 2 6 0 .1 2 9 4 0 .1 3 0 3
6 0 .0 9 2 4 0 .0 9 8 3 0 .0 8 6 3 0 .0 9 0 3 0 .0 9 0 8
7 0 .0 6 6 6 0 .0 7 1 6 0 .0 6 3 8 0 .0 6 3 8 0 .0 6 7 5
8 0 .0 5 0 3 0 .0 5 4 3 0 .0 4 9 0
9 0 .0 3 9 3 0 .0 4 2 5 0 .0 3 8 8
1 0 0 .0 3 1 5 0 .0 3 4 1 0 .0 3 1 9
1 1 0 .0 2 5 8 0 .0 2 8 0
TABLE IX. V alues of energy for L=1 doubly-excited  ridge s ta te s  in  H" com pared  w ith  available 
calcu lations; for m anifo ld  v=4 to  10.
IpO (A = +) !p0  (A = -)
V -E v(a.u .) (Ref. 5) (Ref. 16) (Ref. 44) V ~Ey(a.u.) (Ref. 5)
4 0 .0 3 5 2 0 .0 3 3 2 0 .0 3 7 2 0 .0 3 7 4 4 0 . 0 2 1
5 0 .0 2 3 4 0 .0 2 2 4 0 .0 2 4 6 0 .0 2 4 6 5 0 .0 1 5
6 0 .0 1 6 5 0 .0 1 6 0 0 .0 1 7 4 6 0 . 0 1 2
7 0 . 0 1 2 2 0 .0 1 1 9 0 .0 1 3 0 7 0 .0 0 9 0 .0 1 0 4
8 0 .0 0 9 3 0 .0 0 9 2 0 . 0 1 0 1 8 0 .0 0 7 0 .0 0 8 1
9 0 .0 0 7 4 0 .0 0 7 3 0 .0 0 8 0 9 0 .0 0 6 0 .0 0 6 7
1 0 0 .0 0 5 9 0 .0 0 5 9 1 0 0 .0 0 5 0 .0 0 5 5
3p0 (A = +) 3p0 (A = -)
V -E v(a.u .) (Ref. 5) V -Ev(a.u.) (Ref. 5)
4 0 .0 2 8 8 5 0 .0 3 2 5 1 4 0 .0 2 4 2 0 .0 3 2 2 8
5 0 .0 1 9 3 0 .0 2 1 6 3 5 0 .0 1 8 1 0 .0 2 1 5 0
6 0 .0 1 3 8 0 .0 1 5 3 8 6 0 .0 1 3 8 0 .0 1 5 2 6
7 0 .0 1 0 3 0 .0 1 1 4 1 7 0 .0 1 0 7 0 .0 1 1 3 2
8 0 .0 0 8 0 0 .0 0 8 8 1 8 0 .0 0 8 4 0 .0 0 8 7 6
9 0 .0 0 6 4 0 .0 0 6 9 9 9 0 .0 0 6 8 0 .0 0 6 9 5
1 0 0 .0 0 5 2 0 .0 0 5 6 1 0 0 .0 0 5 6 0 .0 0 5 6 6
TABLE X. The sam e as Table IX, but for He.
!pO(A = +) !p0  (A = -)
V -E v(a.u.) (Ref. 5) (Ref. 46) V -E v(a.u.) (Ref. 5)
3 0 .3 0 6 8 0 .3 0 1 1 0 .3 3 5 7 3 0 .1 5 4
4 0 .1 9 1 5 0 .1 8 8 7 0 .1 9 4 8 4 0 .1 1 3
5 0 .1 2 7 4 0 .1 2 6 8 0 .1 2 6 7 5 0 .0 8 4
6 0 .0 8 9 8 0 .0 8 9 2 0 .0 8 9 0 6 0 .0 6 4
7 0 .0 6 6 3 0 .0 6 6 1 0 .0 6 5 9 7 0 .0 5 0  0 .0 4 3 9
8 0 .0 5 0 8 0 .0 5 0 8 0 .0 5 0 7 8 0 .0 4 0  0 .0 4 2 2
9 0 .0 4 0 1 0 .0 4 0 1 0 .0 4 0 2 9 0 .0 3 2  0 .0 3 2 5
1 0 0 .0 3 2 4 0 .0 3 2 4 0 .0 3 2 7 1 0 0 .0 2 7  0 .0 2 8 7
3p0 (A = +) 3p0 (A = -)
V -E v(a.u.) V -E v(a.u .)
3 0 .2 5 8 8 3 0 .1 7 3 2
4 0 .1 5 7 1 4 0 .1 3 1 6
5 0 .1 0 5 0 5 0 .0 9 8 7
6 0 .0 7 5 0 6 0 .0 7 4 9
7 0 .0 5 6 2 7 0 .0 5 8 0
8 0 .0 4 3 6 8 0 .0 4 5 9
9 0 .0 3 4 9 9 0 .0 3 7 0
1 0 0 .0 2 8 5 1 0 0 .0 3 0 4
REFERENCES
1. R.P. M adden  a n d  K. Codling, P h y s  R e v . L e tt . 10, 5 1 6 -8  (1963).
2 . J.A .R . S am so n , A d v .  A t .  M ol. P h y s .  2, 177 (1966); M. Z u b ek  e t  
al. J .  P h y s .  B  22 , 341 1 -3 4 2 1  (1989); L indle e t al. P h y s .  R e v . A  
31 . 7 1 4 -7 2 6  (1985).
3 . S .J . B u ck m an  e t al. J .  P h y s . B  16 , 4 0 3 9  (1983); P ichou  e t  a l., J .  
P h y s .  B  11, 3 6 8 3  (1978).
4 . H .C . B ry a n t e t al. P h y s . R e v . L e tt. 38, 2 2 8  (1977).
5 . F.H . R ead, A u s t .  J .  P h y s .  35, 4 75  (1982); H in Yiu W ong a n d  
A.R.P. R au , P h y s . R e v . A  38, 4 4 4 6 -4 4 5 4  (1988).
6 . C.D. Lin, A d v . A t .  M o l  P h y s .  2 2 , 77  (1986).
7 . U. F ano , R e p . Prog. P h y s . 49, 9 7  (1983).
8 . S. W atan ab e  a n d  C.D. Lin, P h y s . R e v . A  34, 823  (1986).
9 . A.R.P. R au , in  A to m ic  P h y s ic s  9 , ed ited  b y  R.S. V an  D yck J r .  a n d
E.N. F o rtso n  (Word Scientific , S in g ap o re  (1984)).
10. O. S in an o g lu  a n d  D.R. H errick , J .  C h e m . P h y s .  6 2 , 8 8 6  (1975); 
D .R. H errick  a n d  O. S inanog lu , P h y s . R e v . A l l ,  97  (1975); a n d  
M .E. K ellm an a n d  D.R. H errick , J .  P h y s . B  11 , L755 (1978); 
D .R. H errick , P h y s . R e v . A  12 , 4 1 3  (1975).
11. D.R. H errick  a n d  M .E. K ellm an, P h y s . R e v . A  21, 4 1 8  (1980).
12. A.R.P. R au , J . P h y s . B  16 , L699 (1983); P ra m a n a  23, 2 97  
(1 9 8 4 ) .
13. H. W ang, J . P h y s  B  19 , 3401 (1986).
14. F.H . R ead, A u s t .  J .  P h y s . 35, 4 7 5  (1982); C.D. Lin a n d  S. 
W atan ab e , P h y s . R e v . A  35, 4 4 9 9  (1987).





















Y.K. Ho a n d  J .  Callaw ay, P h y s . R e v . A  27 , 1887 (1983); J . P h y s . 
B  1 7 , L559 (1984); Y.K. Ho, J .  P h y s .  B 2 3  L72 (1990).
Y.K. Ho, P h y s . L e tt . 79A , 44  (1980); an d  p rivate  
c o m m u n ica tio n .
U. F ano  a n d  A.R.P. R au, A to m ic  C o llis io n s  a n d  S p e c tr a  (Orlando, 
FL: A cadem ic (1986))
J.M . Feagin , J .  P h y s . B : A t. M ol. P h y s . 17 , 2433 -51  (1984).
R.K. P eterkop , T h e o r y  o f  Io n iza tio n  o f  A to m s  b y  E lec tro n  Im p a c t  
(B oulder, CO: C olorado A ssociated  U niversities P re ss  (1977)) 
ch  7.
A.R.P. R au , P h y s . R e p . 110 , 36 9 -8 7  (1984).
F.H . R ead, in  E lec tro n  Im p a c t Io n iza tio n , ed ited  by  G.H. D u n n  
a n d  T. M ark  (New York: Springer) pp  4 2 -8 6  (1984).
A.R.P. R au, in  A to m s  in  U n u su a l S itu a tio n  ed ited  by  J .P . B riand 
(New York: P lenum ) p p  3 8 3 -9 5  (1986).
D.R. H errick , A d v . C h e m  P h y s . 5 2 , 1-115 (1983).
A.R.P. R au , J .  P h y s . B : A t. M o l P h y s . 17, L75-8 (1984).
F.H . R ead, J .  P h y s . B : A t . M ol. P h y s . 17, 3 9 6 5 -8 6  (1984).
G.H. W annier, P h y s . R e v . 9 0 , 817 -25  (1953).
R.K. P e terkop , J .  P h y s . B : A t . M o l  P h y s . 16 , L 587-93 (1983).
C.H. G reene an d  A.R.P. R au, J .  P h y s . B : A t. M o l P h y s  16, 99- 
106  (1983).
L.D. L an d au  an d  E.M. Lifshitz, Q u a n tu m  M e c h a n ics :  N on- 
r e la t iv is t ic  T h e o r y  (Oxford: P ergam on (1977)).
A.R.P. R au , J .  P h y s . B : A t . M o l P h y s .  9 , L 283-8 (1976).
D .S .F . C ro th ers , J . P h y s . B : A t  M ol. P h y s . 19 , 46 3 -8 3  (1986). 
P.L. A ltick, J .  P h y s . B : A t. M ol. P h y s .  18 , 1841-6  (1985).
6 0
3 4 . H. K lar a n d  W. S ch lech t, J . P h y s . B  9 , 1699-711  (1976).
3 5 . I. V inka ln s a n d  M. G ailitis, L a tv ia n  A c a d e m y  o f  S c ie n c e s  R e p o r t  
no . 4  (Rega: Z in a tn e  (1967)) pp  17-34.
3 6 . S. Cvejanovic a n d  F.H. Read. J . P h y s . B : A t .  M o l  P h y s . 7, 1841- 
52  (1974).
3 7 . P. Selles, J .  M azeau an d  A. H uetz, J .  P h y s . B : A t . M o l  P h y s . 20, 
5 1 8 3 -9 3 , 5 1 9 6 -2 1 2  (1987).
3 8 . H. F u k u d a , N. Koyam a an d  M. M atsuzaw a, J .  P h y s . B : A t. M o l  
P h y s .  20 , 2 9 5 9 -7 4  (1987).
3 9 . J .H . M acek, J . P h y s . B : A t. M o l P h y s . 1, 8 3 1 -4 3  (1968).
4 0 . U. F ano , J . P h y s . B ; A t. M o l  P h y s .  7, L 401-4  (1974).
4 1 . G .S. E z ra  a n d  R.S. Berry, P h y s . R e v . A 28 , 1974-88 , 1989-2000  
(1 9 8 3 ) .
4 2 . P.C. O jha  a n d  R.S. Berry, P h y s . R e v . A  36 , 1575-85  (1987).
4 3 . H.A. B ethe  a n d  E.E. Salpeter, Q u a n tu m  M e c h a n ic s  o f  O n e -a n d  
T w o  E le c tro n  A to m s  (New York: S pringer-V erlag  (1957)), ch II.
4 4 . M. M atsuzaw a, T. M otoyama, H. F u k u d a  a n d  Koyam a, P h y s . R ev . 
A  34, 1793 (1986); H. F u k u d a , N. Koyam a a n d  M. M atsuzaw a, J . 
P h y s ic s  B  20, 2959  (1987).
4 5 . P.M. M orse a n d  F eshbach , M e th o d s  o f  T h e o re tica l P h y s ic s  
(McGraw-Hill: New York (1953)) ch  12.3; V. Fock, K. Norske, 
V id e n s k .  S e l s k s k .  F orh. 31 138-51 (1958).
4 6 . C.A. N icolaides an d  Y. K om ninos, P h y s . R e v . A  35, 999  (1987).
APPENDIX A
CONTAINS THE SAS PROGRAM THAT FITS THE TWO PARAMETERS 
IN THE SIX-DIMENSIONAL RYDBERG FORMULA FOR DOUBLY 
EXCITED RIDGE STATES (CHAPTER II)
(PROGRAM VITH JOB COMMAND LANGUAJE, JCL)
//PHMOLI JOB (1 1 0 3 ,6 9 7 6 7 ,1 ,9 ,,,,,6 5 ),'QUINTIN MOLINA',





** PHMOLI.HZl.FORT(BMUSIG) .................................................................................... *
* THIS PROGRAM CALCULATE MU AND SIG USING NONLINEAR METHOD *
* (DATA WAS TAKEN FROM HZ1.FORT(ADATA) *
* ORIGINAL DATA FOR HYDROGEN(Z=l) *
* NAME E(I) N L SPIN V PAR *
* BY NAME *
* LSU DEPARTMENT OF PHYSICS AND ASTRONOMY *
* STARTED 13 DECEMBER 85 QUINTIN MOLINA PHYSICS * * *
DATA ONE;




1SE0 0.13819 3 0 0 0 2
3POO 0.13580 3 1 1 0 1
1DE0 0.1319 3 2 0 0 2
3FOO 0.12302 3 3 1 0 1
1P01 0.12542 3 1 0 1 1
3DE1 0.11796 3 2 1 1 2
1SEO 0.079275 4 0 0 0 2
3POO 0.0786 4 1 1 0 1
1DE0 0.077475 4 2 0 0 2
3FOO 0.0756 4 3 1 0 1
1GE0 0.07275 4 4 0 0 2
3HOO 0.06781 4 5 1 0 1
1SE2 0.06943 4 0 0 2 2
3P02 0.0686 4 1 1 2 1
1DE2 0.06625 4 2 0 2 2
3F02 0.065 4 3 1 2 1
1P01 0.07433 4 1 0 1 1
3DE1 0.07315 4 2 1 1 2
1F01 0.07025 4 3 0 1 1
3GE1 0.06570 4 4 1 1 2
1P03 0.06261 4 1 0 3 1
61
1P01 0.04910 5 1 0 1 1
3DEI 0.04850 5 2 1 1 2
1F01 0.04754 5 3 0 1 1
3GE1 0.04655 5 4 1 1 2
1H01 0.04440 5 5 0 1 1
1SE0 0.05155 5 0 0 0 2
3P00 0.05135 5 1 1 0 1
1DE0 0.05075 5 2 0 0 2
3F00 0.05008 5 3 1 0 0
1GE0 0.04885 5 4 0 0 2
3H00 0.0478 5 5 1 0 1
1SE2 0.047 5 0 0 2 2
3P02 0.04655 5 1 1 2 1
1DE2 0.04560 5 2 0 2 2
3F02 0.04465 5 3 1 2 1
1GE2 0.04270 5 4 0 2 2
1SE0 0.03601 6 0 0 0 2
3POO 0.03592 6 1 1 0 1
1DE0 0.03580 6 2 0 0 2
3FOO 0.03535 6 3 1 0 1
1GE0 0.03495 6 4 0 0 2
3H00 0.03430 6 5 1 0 1
1SE2 0.03335 6 0 0 2 2
3P02 0.03322 6 1 1 2 1
1DE2 0.03295 6 2 0 2 2
3F02 0.03245 6 3 1 2 1
1GE2 0.03195 6 4 0 2 2
3H02 0.03100 6 5 1 2 1
1SE0 0.0268 7 0 0 0 2
1SE2 0.0253 7 0 0 2 2
1P01 0.03475 6 1 0 1 1
3DEI 0.03445 6 2 1 1 2
1F01 0.03405 6 3 0 1 1
3GE1 0.03345 6 4 1 1 2
1H01 0.03285 6 5 0 1 1
1P03 0.03175 6 1 0 3 1
PROC SORT; BY NAME;
PROC NLIN; BY NAME;
*ITLE1 NONLINEAR SOLUTION OF ER SIGMA AND MU;
PARAMETERS SIGMA=0.3 MU=0.9;
MODEL ER=((2*(Z-1/4-SIGMA))**2*27. 2116)/(N+3/2-MU)**2 
OUTPUT PREDICT£D=PER PARMS=PSIGMA PMU;
PROC PRINT; BY NAME;VAR N SPIN L PAR V ER PER PSIGMA PMU 
*
JU
* END OF THE PROGRAM___
APPENDIX B
:CONTAINS PROGRAMS 3 1 - 3 2  RELATED TO THE COMPUTANIONAL 
WORK NEEDED IN CHAPTER III
PROGRAM-31: THE MATRIX ELEMENTS OF THE COULOMB INTERACTIONWITH 
TWO ELECTRONS IN A DEGENERATE HYROGENIC MANIFOLD(
IS CALCULATED IN THIS PROGRAM.
INPUT : NXMA,NYMA THEY DEFINE THE ORDER OF THE MATRICES
HR12,H1N2,H2E
OUTPUT : H(2E) (I ,J ) HAMILTONIAN OF TWO ELECETRONS
C HR12=< | l/R (l-2 ) | >
C H1N2=< N| (- 1/ N**2) |N >
C H2E = H1N2 + HR12 HAMILTONIAN OF 2-E ATOMS











DO 127 NY=1,NYMA 







IF (IH.GT.JH+1) GO TO 118 
DO 125 NKL=KMI,K'MA 
CALL ERRSET(208,330,-1 ,0 ,1 ,1)
CALL JAVI(LX,LY,NKL,ANG)

































C X MATRIX ELEMENTS
C NB ORDER OF THE MATRIX
C NB1.NB2 : FIRST AND LAST COLUMNS TO BE WRITTEN
C PRINT MATRIX ELEMENTS.












30 WRITE(6,40 ) I , (X(I,J ) ,J=I1,12)
WRITE(6,70 )







C EVALUATION OF ANGULAR CONTRIBUTION IN <(NL)2|1/R12|(N'L')2>
C INPUT L1,L2,K
C OUTPUT < L | C(K) | L1 >
C (CONVENTION OF PHASE :SOBELSMEN)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION FACTOR(55)















IF(K.GT.LLS) GO TO 690 
IF(K.LT.LLD) GO TO 690 
IF(I/2*2.NE.I) GO TO 690
C CALCULATION OF RACAH SYMBOLS: ------
W =(-l)**I /














$ (FACTOR( IGL1)*FACTOR( IGL2)*FACTOR( IGK))
C =(-l)**IG*DSQRT((2.DO*DFLOAT(Ll)+l.DO)*
$ (2.DO*DFLOAT(L2)+1.DO))*V






C EVALUATION OF SLATER INTEGRALS ...........- ...............
IMPLICIT REAL*8(A-H,0-Z)










RO = l.D-03 
H= (RF-RO)/(NR-l.DO)
DO 23000 1=1,NR 




U1S(I) = RHXD(NX,LX,RI,Z,I) * RI 
U2S(I) = RHYD(NY,LY,RI,Z,I) * RI 
Q1(I) = U1S(I)**2 












IF(N.LE.l) GO TO 999 
DO 100 I = 2,N 
XF = XF * I 
100 CONTINUE 
999 FAC = XF 
RETURN 
END
C --  NORMALIZED HYDROGEN RADIAL FUNCTION FOLLOWS - .............- ...........
FUNCTION RHXD(N,L,R,Z,IGO)
IMPLICIT REAL*8(A-H,0-Z)
C ON THE FIRST CALL TO RHYD AT A GIVEN N AND L, IGO=l SHOULD
C BE USED, AND ON SUBSEQUENT CALLS AT OTHER RADII BUT WITH
C THE SAME N AND L, IGO DIFFERENT FROM 1 SHOULD BE USED.





QN = DSQRT(QN)/F2L1 
QN = QN * (2.D0*Z/N)**1.5D0 
100 CONTINUE
X = 2.D0*Z*R/N - 
IA = -(N-L-l)
IB = 2*L+2
KMAX = N - L 
PROD = 1.D0 
SUM = 1.DO
IF(KMAX.LE.l) GO TO 999 





K = KK - 1
PROD = PROD * ( IA+K-1 ) /( IB+K-1)
PROD = PROD * X / K 
SUM = SUM + PROD 
200 CONTINUE
999 RHXD = QN *DEXP(-X/2 .DO) * X**L * SUM 
RETURN 
END
C --  NORMALIZED HYDROGEN RADIAL FUNCTION FOLLOWS .........................
FUNCTION RHYD(N,L,R,Z,IGO)
IMPLICIT REAL*8(A-H,0-Z)
- - ON THE FIRST CALL TO RHYD AT A GIVEN N AND L, IG0=1 SHOULD
  BE USED, AND ON SUBSEQUENT CALLS AT OTHER RADII BUT WITH
 THE SAME N AND L, IGO DIFFERENT FROM 1 SHOULD BE USED.




QN = FNL/( 2*N*FNML1)
QN = DSQRT(QN)/F2L1 
QN = QN * (2.D0*Z/N)**1.5D0 
100 CONTINUE
X = 2.D0*Z*R/N 
IA = -(N-L-l)
IB = 2*L+2 
KMAX = N - L 
PROD = l.DO 
SUM = l.DO
IF(KMAX.LE.l) GO TO 999 
DO 200 KK = 2 ,KMAX 
K = KK - 1
PROD = PROD * ( IA+K-l)/(IB+K-1)
PROD = PROD * X /  K
SUM = SUM + PROD 
200 CONTINUE








2 23.DO, 28.DO, 9.DO,
3 25.DO, 20.DO, 31.DO, 8.DO,
4 1413.DO, 1586.DO, 1104.DO, 1902.DO, 475.DO,
5 1456.DO, 1333.DO, 1746.DO, 944.D0,1982.D0,459.D0,
6 119585.DO, 130936.DO, 89437.DO, 177984.DO, 54851.DO,
7 176648.DO, 36799.DO,











9 29336.DO, 185153.DO, 35584.DO,
A 7200319.DO, 7783754.DO, 5095890.DO,12489922.DO,-1020160.DO,
B 16263486.DO, 261166.DO, 11532470.DO, 2082753.DO,
C 7305728.DO, 6767167.DO, 9516362.DO,1053138.DO, 18554050.DO,
D -7084288.DO, 20306238.DO, -1471442.DO, 11965622.DO,
E 2034625.DO/
DATA D/ 2 .DO, 2 .DO, 24.DO, 24.DO,1440.DO,1440.DO,120960.DO,









10 1= 1-1  
A=A/D(NQ)








DIMENSION RA(1),RB(1 ),RC(1 ),RD(1)
DIMENSION X(5000),Q(5000),F(5000),Y(5000)
RA,RB,RC,RD ARE THE RADIAL WAVEFNS. L=MULTIPOLARITY , L2 IS ANG.MOM. 
OF RB ORBITAL , L4 ANG. MOM. OF RD. A2,A4 CAN BE SET TO 1 .








YFUN GIVES THE HARTREE Y-FUNCTION
CALL YFUN(X,Y,L,L2,L4,A2,A4,M,MAX)
DO 20 1=1,M 
CCCCCCCCCCCCCC 20 F(I)=Q(I)*Y(I)*R(I)







C THIS PROGRAM CALCULATES THE HARTREE Y-FUNCTION :Y(L,R)/R 
C
C X : INPUT FUNCTION
C Y : OUTPUT HARTREE Y-FUNCTION
C L : ORDER OF Y-FUNCTION





DIMENSION X(1 ),Y( 1)
IF(L.GT.O) GO TO 35 




22 W(I) = X(I)/RP(I)
CALL YINT(V,W,Y,U,R,L,L1,L2,A1,A2,M,H)
YM=Y(M)
DO 24 1=1,M 
24 Y(I)=Y(I)/R(I) +U(I)
M1=M+1
IF(Ml.GT.MAX) GO TO 900 
DO 26 I=M1,MAX 
26 Y(I)=YM/R(I)
GO TO 900 
35 CONTINUE
DO 40 1=1,MAX 
40 S(I)=R(I)**L




50 W(I) = X(I)/(RP(I)*S(I))
CALL YINT(V,W,Y,U,R,L,L1,L2,A1,A2,M,H)
YM=Y(M)
DO 60 1=1,M 
60 Y(I)=Y(I)/(R(I)*S(I)) + U(I)*S(I)
M1=M+1
IF(Ml.GT.MAX) GO TO 900 






C THIS PROGRAM CALCULATES THE INDEFINITE INTEGRALS Y AND Z 






C Y(R) = INTEGRAL OF V FROM 0 TO R
C Z(R) = INTEGRAL OF W FROM R TO INFINITY
C M IS THE MAXIMUM TABULATION POINT OF THE INTEGRANDS





LAGRANGE 6 POINT INTEGRATION FORMULA
DIMENSION AA(3,6),A(6,3),B(3)
EQUIVALENCE (B (l),A (4,3))
DATA HO/O.DO/
DATA IA/3/, JA/6/, DA/1440.DO/, A/18*0.D0/,
1 AA/ 475.DO, -27 .DO, 11.DO,
2 1427.DO, 637.DO, -93.DO,
3 -798.DO, 1022.DO, 802.DO,
4 482.DO, -258.DO, 802.DO,
5 -173.DO, 77.DO, -93.DO,
6 27.DO, -11 .DO, 11.DO/
C ......................................................................................................
IF(H.EQ.HO) GO TO 20 
HD=H/DA 
DO 10 1=1,IA 
DO 10 J=l,JA 










DO 30 J=l,JA 
Y(I)=Y(I)+A(J,II)*V(J)
30 Z(K)=Z(K)+A(J,II)*W(M-J+1)
IM=IA + 1 
IN=M -IA +1 























2 23.DO, 28.DO, 9 .DO,
3 25.DO, 20.DO, 31.DO, 8 .DO,
4 1413.DO, 1586.DO, 1104.DO, 1902.DO, 475.DO,
5 1456.DO, 1333.DO, 1746.DO, 944.DO,1982.DO,459.DO,
6 119585.DO, 130936.DO, 89437.DO, 177984.DO, 54851.DO,
7 176648.DO, 36799.DO,
8 122175.DO, 111080.DO, 156451.DO,46912.DO,220509.DO,
9 29336.DO, 185153.DO, 35584.DO,
A 7200319.DO, 7783754.DO, 5095890.DO,12489922.DO,-1020160.DO, 
B 16263486.DO, 261166.DO, 11532470.DO, 2082753.DO,
C 7305728.DO, 6767167.DO, 9516362.DO,1053138.DO, 18554050.DO, 
D -7084288.DO, 20306238.DO, -1471442.DO, 11965622.DO,
E 2034625.DO/
DATA D/ 2 .DO, 2 .DO, 24.DO, 24.DO,1440.DO,1440.DO,120960.DO,









10 1= 1 -1  
A=A/D(NQ)





CC***********BODY OF THE PROGRAM END HERE*********
DATA : 10 10
CC***********DATA END HERE ************
72
PROGRAM-32: FOURIER TRANSFORMATION OF THE EIGENVECTOR OF THE LOWEST 
STATE IN EACH MANIFOLD IS DONE HERE.
ANGULAR DISTRIBUTION OF STATES AS A FUNCTION OF THE
ANGLE THETA(12) GAUSSIAN BEHAVIOR AROUND PI
FOR THE TREE MODELS.
C*****a******bODY OF THE PROGRAM STARTS HERE****** ^ ^
C IMPUT: IKMAX.. .MAXIMUM PRINCIPALQUANTUM NUMBER(PQN)
C
C IM,EF(IM). . .PQN AND THE CORRESPONDING ENERGY FROM EXACT
C DIAGONALIZATION OF FULL 2-E HAMILTONIAN
C EF(IM) > E(IM) 1/R12
C ZAUX(IM,J).. .E.VECTOR CORRESPONDING TO EF(IM)
C
C
C OUTPUT: SIGMA(THETA12), THETA12 
C (FOR ANY OF THE THREE DIFFERENT MODELS)


















READ (5,*) IKMAX 
IK=IKMAX




WRITE (6 ,* )' EX. N=',IM,'E(N)=',E(III),'AU'
READ (5,*) (ZAUX(L,III),L=1, IM)
FORMAT ( IX, 5D12. 4 , / , 5D12.4)
WRITE (6,1500) (ZAUX(L,III),L=1,IM)
CONTINUE 

















DO 514 LL=1, IK

























ANG=120. OOOOODO*PI/180. 00000D0 
NNN=333
CCCCC WRITE(6,*),N=I,IKN,1 018 1







DO 10 LA=1, IKN 
L=LA-1
CALL LNDRE(LA,X, PLCOS, PPI)
701 FORMAT ( SX.FlZ.e^X.IZ.SX.ZCFlZ.e.SX))
534 F0RMAT(2X,/,’ N=, ,I2,2X ,' ’ .E15.7)





WL04=2. 0*(2 .0*DFLOAT(L)+ 1 .0 )/(DFLOAT(IKN)*





$ DABS ( ZS J ( LA, 1) ) *PPI*DSQRT ( ( 2. DO*DFLOAT (L)+1.D0)/2.D0)*(-1) **L





C=================END OF SUMATION ======> R0(TET12) ^ * * * ^ ***
708 FORMAT ( 3X,3X,2(F12.6,3X))
CCCCCCC WRITING ITT TIMES THETA(12) AND RO(THETA(12))CCCCCCCCCCCCCCC 
C??????? WRITE (6,708) GAMA2(ITT),R02(ITT)
11 CONTINUE
700 FORMAT ( 3X,I2,7(F12.6,IX))









IF(DX.EQ.O.DO)GO TO 20 
DC=DX
DX=DELTA(LIT,L2T,J3T)
IF(DX.EQ.O.DO)GO TO 20 
DC=DX*DC
DX=DELTA(L1T,J2T,L3T)
IF(DX.EQ.O.DO)GO TO 20 
DC=DX*DC
DX=DELTA(JIT,L2T,L3T)
























C THIS SUB. GENERATE LEGENDRE POLYNOMIUS ARGUMENT X 













C++++ WRITE (6,*) L,L1,L2,PL(L)
33 CONTINUE










DO 10 1=2,500,2 








IF(2*(I1/2).NE.I1)G0 TO 10 
IF(I1.LT.0)GO TO 10 
I2=J2T+J3T-J1T 
IF(I2.LT.O)GO TO 10 
I3=J3T+J1T-J2T 
IF(I3.LT.O)GO TO 10




/ /GO. SYSIN DD *
11
3 - 0 .61916738D-01
- 0 .784340D+00 -0 .606629D+00 - 0 .129659D+00
76
4 -0.36229211D-01
-0.711157D+00 - 0 .661782D+00 -0.235142D+00 -0 .317475D-01
5 - 0 .23692170D-01
- 0 .652822D+00 - 0 .683759D+00 -0 .317241D+00 - 0 .748450D-01 -0 .729823D-02
6 -0.16677355D-Q1
- 0 .605471D+00 -0 .688526D+00 -0 .379741D+00 -0 .121133D+00 -0 .214210D-01 
-0.164795D-02
7 - 0 .12367110D-01
-0 .566430D+00 -0 .684011D+00 -0 .426602D+00 - 0 .166179D+00 -0 .406062D-01 
-0 .574947D-02 -0 .363912D-03
8 -0.95327952D-02
-0.533726D+00 -0 .674525D+00 -0 .461350D+00 -0 .207789D+00 -0 .630392D-01 
- 0 .125033D-01 - 0 .147754D-02 - 0 .788215D-04
9 - 0 .75708750D-02
- 0 .505905D+00 - 0 .662483D+00 -0 .486861D+00 -0 .245072D+00 -0.871682D-01 
-0.217065D-01 - 0 .362722D-02 -0 .366987D-03 - 0 .174766D-04 
10 -0.61571909D-02
-0.481899D+00 -0 .649255D+00 -0 .505371D+00 -0 .277857D+00 - 0 .111808D+00 
- 0 .329561D-01 -0 .696859D-02 - 0 .100566D-02 - 0 .894572D-04 -0 .350703D-05 
18 - 0 .1929968E-02
-0.3639944 -0.5493374 -0.5376507 -0.4190593 -0.2710764
-0.1473381 -0 .683725D-01 -0 .268459D-01 -0.89334D-02 -0.25081D-02











CONTAINS THE PROGRAM THAT MAKE THE NUMERICAL WORK 
NECESSARY FOR SOLVING THE GENERALIZED PROBLEM RELATED 
TO THE DOUBLY EXCITED STATES WITH SYMMETRY 1SE IN 
CHAPTER IV.
C THIS PROGRAM CALL A SUBROUTINE FROM THE 
C LIBRARY EISPACK AND MUST BE RAN IN QUADRUPLE PRECISION
C TO AVOID WRONG MESSAGES DUE TO NUMERICAL ERRORS FOR




C THIS SUBROUTINE CALLS THE RECOMMENDED SEQUENCE OF
C SUBROUTINES FROM THE EIGENSYSTEM SUBROUTINE PACKAGE (EISPACK)
C TO FIND THE EIGENVALUES AND EIGENVECTORS (IF DESIRED)
C FOR THE REAL SYMMETRIC GENERALIZED EIGENPROBLEM AX = (LAMBDA)BX.
C ................................................................................................................- ...........
C THIS SUBROUTINE REDUCES THE GENERALIZED SYMMETRIC EIGENPROBLEM
C AX=(LAMBDA)BX, WHERE B IS POSITIVE DEFINITE, TO THE STANDARD
C SYMMETRIC EIGENPROBLEM USING THE CHOLESKY FACTORIZATION OF B.





DIMENSION HTR(IP, IP), SINV(IP,IP),VAL(IP, IP), IN(IP)
DIMENSION AENE( IP),ALFI( IP), BET(IP),EVEL(IP), ZEVEC(IP, IP) 
DIMENSION FVl(IP),FV2(IP),DEL(IP,IP),RO(IP)
EXTERNAL ENE,DUVMGS,ENERGY 
CALL ERRSET (208,330,-1 ,0 ,1 ,1)
CALL ERRSET (207,330,-1 ,0 ,1 ,1)
READ(5 ,* )Z,JJMIN,JJMAX 
WRITE(6,18)JJMAX,Z 
18 FORMAT(2X,1 1SE NMAX ',1 2 ,' Z= ' ,D12.4-, * ’ ,D12.4)










ZA=3.D0*DSQRT(2 .DO)*(Z-1 .DO/12 .DO)
ZT=DSQRT(2.D0)/16.D0 
RI=(2.DO*XMIU-1.DO/2.DO)/ZO 
RO CALCULATED BY USING NUMERICAL MINIMIZATION 
RO(JJ) RI












DO 33 1=1,MAX 
DO 34 J=1,MAX 
XI=DFLOAT(I)
XJ=DFLOAT(J)
E1=FAC( I+J+3,3+2*1,3+2*J)*DRO**( I+J+4)/(-2 .DO*RO(JJ)**2) 
E2=FAC(I+J+2,3+2*1,3+2*J)*DRO**(I+J+3)*(XJ/RO(JJ)-ZO)




555 FORMAT(2X,2(I3,IX), 6(D12.4 , IX), 'EI 1=1,5')
EN ORM=DRO**(4+1+J)
S( I ,J)=FAC(I+J+3,3+2*1,3+2*J)*DRO**( I+J+4)/ENORM 
HMAT( I ,J )=(E1+E2+E3+E4)/ENORM 
IF(I.NE.2)GO TO 3000 








CCCC CALL PRTMAT(E,HMAT,IP,MAX,0,1 ,MAX)
CCC CALL PRTMAT(E,S,IP,MAX,0,1 ,MAX)
C
C








CALL PRTMAT(AENE,AEVEC, IP,MAX,7 ,JJMIN,JJMAX)
STOP
END






C X MATRIX ELEMENTS
C * ND DIM OF MATRIX MUST BE THE SAME AS MAIN PROGRAM
C NB DIM OF MATRIX CAN BE < ND
C NDIAG : 0 IF EIGENVALUES NOT TO BE WRITTEN
C NE.O ' YES
C NB1,NB2 : FIRST AND LAST COLUMNS TO BE WRITTEN
C PRINT MATRIX ELEMENTS.
C














30 WRITE(6,40 ) I,(X (I,J),J=I1,I2)
WRITE(6,70 )
IF(I2.LT.NB2) GO TO 20 
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Rydberg analysis of doubly excited states
Quintin Molina*
Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803 
(Received 7 July 1986; revised manuscript received I August 1988)
Numerically available results on energy levels of doubly excited states of two-electron atoms with 
2  =  1, 2, and 7 are analyzed on the basis of a single Rydberg expression for the pair. Pair quantum 
defects and other parameters are studied as functions of 2  and pair quantum numbers.
I. INTRODUCTION
Doubly excited states are difficult to describe with 
the usual quantum numbers \L ,S , l l , ( n l m ) ^ A n lm ) 2). 
W hereas the quantum  numbers £.,S,n of the pair are 
good quantum numbers, associated with corresponding 
mutually commuting operators, the independent-particle 
labels used to specify further a unique state are not good 
labels.1 There is, as a result o f electron-electron interac­
tions and correlations, a strong mixing of t h e ( n , / , ,n 2/2) 
configurations. The mixing of ( / (, / 2) represents an angu­
lar correlation and of (n , ,n 2) a radial correlation. A lter­
native "pair” (two-electron) quantum numbers and ener­
gy expressions in terms of them have been proposed for a 
better description of correlated two-electron states. We 
examine these further on the basis of numerical data to 
determine the dependence of the energy on the pair quan­
tum  numbers, on L  and S  and on the core charge Z.
II. ANGULAR CORRELATION 
AND QUANTUM NUMBERS
When only angular correlation is important, a better 
way to  describe these states is through the quantum num­
bers' jL .S , I l ,N ,n,K ,  T \ .  Here TV and n are still two indi­
vidual principal quantum numbers, with N  ( 5 n )  
representing the ionization limit of the ion to which the 
series (n = N , N +  1 , . . .  ) of doubly excited states con­
verges. K  and T  are, however, quantum  numbers charac­
teristic of the system of two electrons and replace the in­
dividual labels / |  and /2. K  and T  were originally pro­
posed on the basis of the group 0(4) of four-dimensional 
rotations defined by the angular momentum and Runge- 
Lenz vectors o f each electron: ( / l , / 2,b 1,b2) .2 The
Runge-Lenz vector b mixes degenerate hydrogenic orbit­
als having different /. These generators have been found 
to be useful for describing approximately the angular 
configuration mixing of the two electrons.
The quantum number K  is a measure of the projection 
of the inner electron’s radius vector onto the radial direc­
tion of the outer electron: — ( r <- r > ) and is related to 
<?i2, the angle between the two radial directions and ? 2. 
On the other hand, T  measures the projection of the total 
angular momentum onto the radial direction of the outer 
electron: {(L - f > )2). These quantum numbers K  and T  
also have a natural connection to the dipole potential
when r > » r <t r > -*  co,2 i.e., when one electron is far 
away (n —► co) and sees in addition to  the Coulomb poten­
tial o f the ion, a dipole potential because of the 1 degen­
eracy o f  the states o f the inner electron (the linear Stark 
effect).
T he spectrum  of doubly excited states, when grouped 
according to  [ L ,S ,I I , i f , r }  shows a resemblance tc  a 
mixed rotorlike and vibratorlike spectrum. The energies 
have accordingly been described by3
=-E.v<AO+ B L(L  +  l)+<a(i> +  l )  , ( 1)
where v is related to K  and T. By analogy with a linear 
triatom ic molecule, different states have been described in 
term s o f rotations and two-dimensional bending vibra­
tions of the system formed by the two electrons lying on 
diam etrically opposite sides of the ion. v in (1) is the 
quantum  num ber of the two-dimensional harmonic oscil­
lator and may be taken as v = j ( N —K  — 1 — T). E ty(N)  
stands for the average energy of the states, B and co may 
be in terpreted as a rotational constant and a bending vi­
brational frequency, respectively.
III. RADIAL CORRELATION
In highly doubly excited states of electrons with com ­
parable excitations, where strong radial correlations mix 
configurations arising from different (n , ,n 2) manifolds, 
the individual principal quantum numbers also lose their 
usefulness and need to be replaced by appropriate pair la­
bels.4,5 F or this purpose, the six-dimensional space o f the 
pair may be viewed in terms of the coordinates o f a six­
dimensional hypersphere, with (/■|,r2,? ,, i>2) replaced by 
three Euler angles, the angle 0 I2, the pseudoangle 
a  =  arctan  ( r 2/ r , ), and the hyper-radius R —( r f + r 2 )l/2. 
Associated with these are the corresponding quantum  
numbers T  and K  (although, as already stated, they have 
alternative interpretations as well), a radial correlation 
quantum  number, and a principal quantum number v for 
the pair.
In this “hyperspherica! description” the two-electron 




cosa sina [ l - s i n ( 2 a  )cos0n ] l/2
(2)
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Because highly doubly excited states with comparable ex­
citation have a sim ilar radius ( r ,  « r 2 ) and due to their 
mutual repulsion, the electrons are most likely to lie on 
opposite sides of the nucleus, the dom inant contribution 
comes from a ~ i r / 4  and 6 n  — ir, which is a saddle point 
o f the potential (2). A fter studying the energy spectrum 
produced by the potential (2) expanded around this point 
a new Bohr-Rydberg model has been proposed for doubly 
excited states.5,6
In this new model the energy for the lowest state of 
each manifold v is given by a “ six-dimensional” Rydberg 
formula,6
£ = /H
[ 2 V 2 ( Z - ± - 3 ) ) 1
2 ( v + \ - p ) 1
(3)
where /  + + is the double ionization limit. Within each 
manifold v are states with different L,S,Tl ,K,T.  As in a 
one-electron problem where there is an energy splitting of 
an n manifold for the different 1 states, with a quantum 
defect parameter p  that depends on /, here the different 
states of the v manifold w ith different quantum numbers 
differ in energy by the param eter 3  and the quantum de­
fect parameter p  of the pair. These parameters of the 
pair may be expected to depend on the other quantum 
numbers L, S,  fl, K , T  o f the pair and our aim is to deter­
mine this dependence. Also, 3  and p. are introduced to 
account for the departure of the potential in (2) from its 
value exactly at the saddle. These departures, propor­
tional to  ( i r / 4 —a ) z and (tr reflect the correlations
in the system. T he explicit Z  dependence of these corre­
lations, expected from the com petition between eiectron- 
nncleus and electron-electron interactions, and thereby 
the Z  dependence of 8  and p  is also of interest. O ur 
study, therefore, o f  the various dependences of 3  and p  as 
shown by em pirically derived data  may be expected to 
give further inform ation on pair states (studies to date 
have been restricted to  the very lowest values o f L,  i>, and 
Z) and serve as a guideline for the further theoretical un­
derstanding o f  correlations in such states. This is expect­
ed to throw  light on aspects o f the pair states not con­
sidered so far, studies to date having been restricted pri­
marily to the very lowest values o f L  and u.
It is worthwhile at this point to  comment further on 
the param eters 3  and p  because o f  the appearance in the 
literature of seemingly sim ilar algebraic expressions7,8 
such as (3) but with very different interpretations. The 
role o f 3  in the six-dimensional form ula (3) is as a corre­
lation param eter to mock the effect o f the a  and 0 n  
dependences in V  around the saddle point. The former 
dependence can be expected to introduce Z  dependences 
in the value o f 3 .  Therefore, 3  is not to be viewed as 
some kind of sta tic screening constant but rather as the 
effect o f the same dynamical screening that is known to 
play a crucial role in the threshold double escape of two 
electrons,5,9 leading to a Z  dependence of the threshold 
exponent. In fact, a dom inant Z  dependence of 3  that 
has been noted in earlier studies6 also emerges from our
TABLE 1. Energy values £ (  v) for Z  =  1 doubly excited states corresponding to u =0,1. fi, S,  and cr are calculated by fitting nil
merical energy values to Eq. (5). For each | S, L, II) the top row are the numerical results of Refs. 10 and 11 and the bottom row the 
results of the fit to Eq. (51 with the values of fi and o shown._____________________________________________________________
s L n £(3) £(4) £(5) £(6) O a
v =0
0 0 + 1.88019 1.078 60 0.70138 0.48994
0 0 + 1.879 70 1.080 32 0.70046 0.49069 -0.1341 0.3381 0.1763
1 1 — 1.847 67 1.06942 0.69866 0.488 72
1 1 — 1.847 61 1.07004 0.69706 0.489 86 -0.1844 0.3351 0.1702
0 2 + 1.794 61 1.054 11 0.69049 0.487 09
0 2 + 1.79501 1.05260 0.69098 0.488 13 -0.2693 0.3302 0.1603
1 3 — 1.673 79 1.028 60 0.681 38 0.48097
1 3 - 1.67698 1.01801 0.68300 0.489 76 -0.5276 0.3121 0.1243
0 4 + 0.989 82 0.66464 0.475 52
0 4 + 0.98999 0.66400 0.47605 -0.5240 0.3185 0.1371
1 5 - 0.992 61 0.65036 0.46668
1 5 — 0.924 78 0.642 85 
•. — 1
0.472 63 -1.0149 0.2877 0.0755
0 0 + 0.944 65
U  1
0.63947 0.453 75
0 0 + 0.945 58 0.63599 0.45685 -0.5593 0.3251 0.1501
1 1 0.933 36 0.633 35 0.45198
1 1 0.934 11 0.63064 0.454 20 -0.6074 0.3232 0.1464
0 2 ■ 0.901 38 0.62042 0.448 31
0 2 + 0.901 99 0.618 27 0.45005 -0.8111 0.6889 0.1241
1 3 — 0.884 38 0.607 50 0.441 51
1 3 - 0.884 56 0.60686 0.44202 -0.8237 0.3152 0.1303
0 4 + 0.58097 0.434 70
0 4 + 0.58097 0.434 71 -1.4080 0.2818 0.0637
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TABLE II. Same as Table I for Z  =2.
s L n E(3) E( 4) £(  5) £T(6) A* it a
u = 0
0 0 + 9.63399 5.468 17 3.52390 . 2.45857
0 0 + 9.62204 5.471 83 3.52266 2.455 94 -0.0597 0.8398 0.1795
1 1 — 9.53426 5.444 36 3.51234 2.45149
1 1 - 9.53501 5.441 46 3.51302 2.453 87 -0.0889 0.8358 0.1715
0 2 + 9.33739 5.394 70 3.49533 2.444 96
0 2 + 9.34020 5.38447 3.497 72 2.453 34 -0.1540 0.8261 0.1522
1 3 - 9.02446 5.29891 3.46240 2.431 36
1 3 - 9.028 82 5.283 85 3.464 29 2.445 19 -0.2553 0.8124 0.1249
0 4 + 8.355 32 5.178 23 3.421 86 2.41503
0 4 + 8.37646 5.107 58 3.43648 2.46909 -0.5634 0.7615 0.0229
1 5 - 4.999 86 3.344 71 2.385 10
1 5 — 5.00094 3.34071 2.38840 -0.4741 0.7910 0.0820
0 6 + 4.63686 3.284 58 2.355 16
0 6 + 4.64926 3.241 95 
.. ■— 1
2.388 85 -1.0623 0.7037 -0.0925
0 0 + 8.638 32 5.11170
V  — I
3.355 87 2.36605
0 0 + 8.642 45 5.097 41 3.358 32 2.37825 -0.3102 0.8173 0.1345
I I — 8.418 79 5.054 55 3.34022 2.35935
1 1 — 8.425 38 5.032 67 3.34207 2.37964 -0.4027 0.8033 0.1066
0 2 + 7.891 36 4.974 28 3.312 33 2.347 82
0 2 + 7.914 89 4.897 80 3.32678 2.40618 -0.6870 0.7558 0.0115
1 3 — 4.784 62 3.25043 2.33067
1 3 - 4.787 29 3.24082 2.33851 -0.6426 0.7763 0.0527
0 4 + 4.493 32 3.187 84 2.302 10
0 4 + 4.503 59 3.152 76 2.32971 -  1.1234 0.7078 -0.0843
v= 2
0 0 + 7.00291 4.57903 3.13342 2.24632
0 0 4- 7.02672 4.50871 3.13644 2.307 16 -1.0259 0.7271 -0.0458
1 1 — 4.49345 3.11165 2.239 51
1 1 — 4.49900 3.092 17 2.255 15 -0.8492 0.7641 0.0283
results below, suggesting a replacement of this param eter 
by an alternative one which is more nearly constant in Z. 
We define a ,  therefore, through
a  =  2a  +  \  — Z  . (4a)
Likewise, because the j- in the denominator o f (3) arises 
from the six-dimensional nature of the pair state, an 
equivalent quantum  defect param eter p  may be defined 
through
ft=ia - j  . (4b)
With these replacements, (3) reduces to the form of the 
Rydberg-like formulas given in Refs. 7 and 8, namely,
For large Z, when correlations become relatively less im­
portant, this expression reduces as it should to two in­
dependent one-electron energies.
IV. ANALYSIS OF NUMERICAL DATA
The systematic study of doubly excited states is ham ­
pered by the lack of experimental data, particularly for
high excitation. Unlike in single-excitation spectroscopy, 
a long sequence of Rydberg states is unavailable from 
which the param eters a  and fi can be extracted. There­
fore we are forced to  rely on numerically calculated se­
quences of doubly excited states, but even here the avail­
able results are very sparse.
Because the splitting in energy in each manifold due to 
states with different quantum  numbers o f  the pair is ex­
pressed through a  and fi, these two param eters are fitted 
for families sharing the same pair quantum  num bers L, S, 
n ,  K,  and T. The result o f such calculations in which nu­
merical data obtained from the m ethod o f complex ro ta­
tions for doubly excited sta tes10,11 is fitted to  Eq. (5) are 
given in Tables I —III for values of the nuclear charge 
Z  =  1, 2, and 7. In each table there are two energy rows, 
the first corresponds to the original num erical data and 
the second to the energy values calculated from (5) with 
the values of a  and fi shown. Table IV shows in its third 
row the energy values calculated using the values of a  
and n  given in Ref. 7.
V. DISCUSSION
Tables I—III show almost no variation in the value of 
& for different com binations of (L,u). Values for the very
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TABLE III. Same as Table I for Z =  7.
s L n £(3) £(4) £(5) 9 a
u = 0
0 0 + 138.9950 78.4370 50.2870
0 0 + 138.9963 78.4323 50.2918 -0.0190 - 3.3384 0.1768
1 1 - 138.6680 78.3290 50.2430
1 1 - 138.6690 78.3217 50.2495 -0.0248 3.3359 0.1718
0 2 + 137.7180 78.0810 50.1510
0 2 + 137.7240 78.0521 50.1790 -0.0455 3.3242 0.1484
1 3 - 132.3500 77.6960 50.0080
1 3 - 132.4616 77.1953 50.4813 -0.2265 3.1907 -0.1187
0 4 + 132.3500 77.0050 49.7800
0 4 + 132.4069 76.7487 50.0229 -0.1901 3.2315 -0.0369
U =  1
0 0 + 134.0990 76.6480 49.4640
0 0 + 134.1052 76.6149 49.4955 -0.0958 3.3137 0.1275
1 1 - 133.7020 76.5340 49.4090
1 1 - 133.7122 76.4890 49.4529 -0.1040 3.3097 0.1194
0 2 + 130.0480 76.0090 49.2600
0 2 + 130.1058 75.7488 49.5057 -0.2199 3.2297 -0.0406
1 3 - 75.2850 49.0122
1 3 - 75.2850 49.0122 -0.1776 3.2757 0.0513
0 4 + 73.2087 48.6394
0 4 + 73.2088 48.6394 -0.4084 3.1346 -0.2308
u = 2
0 0 + 125.0240 73.8790 48.3140
0 0 + 125.0692 73.6770 48.5036 -0.3015 3.2110 -0.0779
1 1 - 73.7768 48.2368
1 1 - 73.7768 48.2368 -0.2244 3.2721 0.0441
0 2 + 73.1067 47.9196
0 2 + 73.1065 47.9195 -0.2525 3.2649 0.0298
highest L  show anomalous behavior which may reflect 
the inaccuracy of numerical calculations for such states. 
By its very definition in (4a), a  is even more sensitive to 
such anomalous variations but in the main we conclude 
that 0  is independent of the angular mom entum  L  and 
the vibrational quantum number v and is only a function 
o f the nuclear charge Z. An adequate fit is given by
<7=0.168 —(2Z) /25 (6)
a result which closely approximates one given earlier.6 
W ang’s expression7 for the screening factor also contains 
a similar Z  dependence.
In Fig. 1 plots of the quantum defect param eter fi for 
different combinations (v,L)  are shown. In all the cases /x 
approaches zero in the limit of high nuclear charge as an­
ticipated above. The observed behavior o f fi in Fig. I 
suggests the relation /x (L ,o ,Z )= B (L ,u )/Z .
TABLE IV. Comparison of energies for u =0, S =0, L = 0  and even parity as given by numerical
calculation (top row), Eq. (5) with parameters as 
as given in Ref. 7 (bottom row).
in Tables I—111 (middle row) and with the parameters
£(3) £(4) £(5) £(6) £(7) 9 a
1.8801 1.0786 0.7014 0.4899 0.36464
1.8797 1.0803 0.7005 0.4907 0.362 77 -0.1341 0.3381 0.1762
1.7381 0.9885 0.6369 0.4443 0.327 44 -0.0676 0.3624 0.2248
9.6340 5.4682 3.5239 2.4586
9.6330 5.4718 3.5227 2.4559 -0.0597 0.8398 0.1796
9.2645 5.2470 3.3719 2.3481 -0.0415 0.8626 0.2252
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FIG. 1. Quantum defect parameter y  as a function of nuclear 
charge Z, e, and L. For u =  1,2 the cluster of three curves, read­
ing from top to bottom, are for L =0, I, and 2. For u — 2 simi­
larly the two curves have L =  1 and 2.
Finally, we comment on how the rotor model and its L  
dependence in Eq. (1) could be subsumed into the Ryd­
berg expressions (3) or (5). It is through the dependence 
of the quantum  defect param eter y  on L  and the expan­
sion of the energy for various L  states o f a v manifold ac­
cording to
  —r =----------- r + B vL iL  + 4)
[ v - At(U ]2 [v-ji<0)]J
(7)
that we can recover Eq. (1) from Eq. (3). This implies 
tha t B r falls off as fl /v* w ith the constant B given by
y ( L ) = y ( 0 ) - B L ( L  + 4 )  . (8)
This kind of dependence is indeed observed from our re­
sults for u = 0 .
It is hoped that the semiempirical analysis presented 
here on the basis o f ab initio  numerical calculations of se­
quences of doubly excited states brings out the depen­
dence of key param eters o f the six-dimensional Rydberg 
formula (3) in such a way as to guide the derivation of 
this expression directly from the two-electron 
Schrddinger equation.
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